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Preface 


The study of nuclear physics mainly aims at an under¬ 
standing of the structures of atomic nuclei. Its elucidation 
could be made possible by a comprehensive grasp of nuclear 
spectroscopy which could be interpreted by models formulated 
by employing the characteristic data of nuclei under different 
conditions. The earliest attempt has been made under the 
caption of the extreme single particle model which with its 
modification describes the nuclear state by stating the number 
of nucleons in each one of the orbits, the number of degenerate 
substates for each level corresponding to different orientations 
of angular momentum. 

The shell model though seemed satisfactory, has been 
found to have a measure of approximation. Hence arose the 
necessity of formulating the individual particle model involving 
a method of obtaining nuclear wave functions which though in 
principle can be quite accurate depends on the approximate 
validity of the shell model. The measure of approximation 
necessitates to widen the scope of the shell model by formulat¬ 
ing the individual particle model which involves a method of 
obtaining nuclear wave functions. This model takes for 
wave functions completely antisymmetrized products of single 
particle states for each nucleon described by L-S andj-j 
coupling scheme; in former the single particle wave functions 
being taken as describing particles of fixed orbital and spin 
angular momenta and fixed charge. Employing the procedure 
with elaboration and choosing suitable set of wave functions, 
the potential energy is used to describe their interaction. With 
these considerations it was found reasonable to modify the two 
nucleon potential for application to the independent particle 
model. The results of independent particle model calculations 
are energy levels predicted for nuclei which are in agreement 
with the experimental results. 

The shell and the individual particle models on the one 
hand and the strong interaction or the liquid drop model on 
the other have distinct approaches to explain nuclear structure. 
They .cover the region of certain types of nuclear phenomena* 
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with distinct regions of applicability. Then arose the necessity 
for the development of a model capable of retaining the dis¬ 
tinct features giving rise to the evolution of a model which is 
capable of describing the nucleus as a shell-structure as in 
single particle and independent particle models with the 
addition of static isotropic nuclear field. In this field the 
motion of nucleons was substituted by a nuclear potential 
which allows for variation in nuclear field resulting from the 
oscillations in shape, and changes in the special orientations of 
the nucleons. The particle motions and the nuclear oscilla¬ 
tions, mutually effect each other. It is then required to 
compute the interaction of these two intrinsically different 
types of motion and find out their effects on the nuclear 
characteristics such as spin, parity, static and dynamic 
electromagnetic moments. This procedure gives rise to the 
nuclear model referred to as the unified model which when 
employed exclusively for the description of spheroidal nuclei, 
exhibiting characteristic rotation spectra, is termed as the 
rotational model and that in which when the collective motions 
in the nuclei as a whole are taken into account is termed as the 
collective model. 

The importance of the problem of the many particle wave 
functions of odd-A nuclei, odd-odd nuclei, even-even nuclei as 
well as for cases of quadrupole vibrations is dealt with along 
with microscopic theory of collective motions and other 
important cases. Thus the collective model paves the way for 
the interpretation of experimental nuclear spectra. 

There are cases especially in odd-A spherical nuclei which 
exhibit such characteristics that cannot be covered by the 
interpretation of the models that have been already dealt with. 
Another set of models which so to speak can comprehensively 
interpret the spectra has been found necessary so that low 
energy excited states in such nuclei were proposed to be viewed 
as arising out of core-excitations coupled to the particle in the 
various single particle orbits. Thus the core excitatioh 
multiplets are given rise to the transition probabilities among 
which appear 1 enhancements over single particle estimates. 
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Part One 


Single Particle Model 


1*1 Preliminary Remarks 

Of all the nuclear models that are formulated to explain 
characteristics of all aspects of the phenomena of nuclear 
structure, single particle model is perhaps the earliest one. In 
this model, the individual nucleons are treated as moving in 
stationary orbits and pairing ofF in such a way that the values 
of several parameters are determined entirely by a single un¬ 
paired nucleon in the case of an odd mass nucleons. The model 
does not involve either correlated or collective motion of 
several nucleons. Nor does it refer explicitly to two body 
forces between nucleons. The afore mentioned, especially the 
latter tend to render it of limited applicability in so far as its 
predictions of q-uadrupole moments have turned out to be 
wrong. A description of quadrupole moments within frame 
work of a model other assumptions are made such as the non- 
spherical distorted liquid drop like nucleus without the motion 
of nucleons. Even so it could hardly predict the discontinui¬ 
ties associated with the magic numbers. Hence a model must 

•w 

be considerably more complicated than either of the two 
mentioned extreme cases. Hence the description of models 
which can cover the actual aspects of the phenomena of nuclear 
structure may be treated as a generalisation and extension 
formulated on the single particle model. The single particle 
orbits may represent an average of the actual nucleon motions. 
Certain nuclear quantities are sensitive to the average motion. 
There are, however, others which are strongly affected by the 
details of nuclear structure, especially, by particle correlations. 
To begin with, the description of single particle model which 
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motions. Hence although the center loses its physical signifi¬ 
cance, it may be assumed as one which coincides with mass 
center. If the center of the potential is fixed at the origin 
there can be oscillations of the mass about the origin. The 
energy associated with the motion of the mass center is rather 
imaginary since it is only the mass center that is actually fixed. 


In the case of central potential, the orbital angular 
momentum of each nucleon is a constant of motion. The orbital 
quantum number / is related to the radial quantum number n, 
associated with the number of nodes of the radial wave func¬ 
tion. Let the state of lowest energy with 7=1, /= 3, ... be 
called lp, If, ... states respectively. The spacing of the energy 
levels depends on the form of the potential. But the order of 
levels is almost fixed for the general type of potential V(r). 
The harmonic oscillator and square well types of potentials 
which represent the two extreme cases are given by 


and 



f —V 0 [ 1—(r/R) 2 ] for r < R 
O for r > R 


( 1 . 1 ) 



—V 0 = Const, for r < R 
O for r > R 


( 1 . 2 ) 


In the case of infinite square well, if r> R, the potential can 
be set at V = ■+ a instead of zero it is reasonable to disregard 
the exponentially decreasing tail of the wave functions outside 
the nucleus and replace it by # = 0. Hence equation 1.2 is 
reduced to 

V(r) =s V 0 = const, for r<R 
whereas the harmonic oscillator potential 

V(r) * -V 0 (1 - (r/R)•} 

can be retained for r > R inasmuch as the exponentially decreas¬ 
ing tail of the wave function outside the nucleus is replaced by 
one that is more rapidly dropping down to zero. 


The computed numerical values for harmonic oscillator 
V 0 for r>R and for a square well potential of Fermi distribu¬ 
tion type< 6 > may yield same level orders as well as those of 
intermediate shape as represented in Fig. 1.1. It can be noted 
that the levels of the harmonic oscillator are evenly spaced and 
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highly degenerate because all states with the same 2n + 1 have 
the same energy. In the levels of the infinite square well, the 
degeneracies are removed, the states of angular momentum 
eing shifted to lower energies. The potential intermediate to 
these two extremes is perhaps the realistic picture of the same. 






Single Particle Model 


5 


A level spacing may be expected like the one arbitrarily inter¬ 
polated in the center of the level schemes of the two extreme 
cases. Although the spacing is different, the order of levels 
can be found to be the same except for those in the range of 
levels lh, 3s and li, 3p states. The pairs in an intermediate 
potential as expected are close in energies. 

This model presents a description of a nuclear state by 
stating the number of nucleons contained in each of the orbits. 
There exist for each value of /, 2/+1 degenerate sub-states 
which correspond to different orientations of the angular 
momentum. Then each of these substates, in accordance with 
Exclusion Principle, can contain at most two nucleons of each 
type so that a d-level may be said to be capable of containing 
ten protons and ten neutrons. Consider the interpolated 
level scheme given in figure 1.1. The number of protons or 
neutrons which each level can hold as well as the total number 
in the same level and all the lower ones can be noted. The level 
scheme could be realistic or not can be judged by considering 
one or two examples such as C 1S and Rb 87 . The former contains 
6 protons and 7 neutrons. It should have 2 protons and 2 
neutrons in the Is level and 4 protons as well as 5 neutrons in 
lp level. In the same way if Rb 87 with 37 protons and 50 
neutrons be considered, all levels below the 2p will be comple¬ 
tely filled. This level itself could contain its full complement 
of 6 neutrons. Moreover it would also have 3 protons with 10 
neutrons in the lg level. 

Besides giving the level assignments, Is, lp, Id, If... 2s, 2p, 
2d, 2f. . ., the fig. 1.1 marks off the degeneracy of the level by 
brackets ( ) and the total occupation number of all lower levels 
upto and inclusive the one under consideration by square 
brackets [ ]. In the level scheme deduced on the basis of this 
single particle model, large gaps in the spacing of energy 
levels are observable. These gaps mark off the discontinuities 
corresponding to nuclear properties such as binding energy, 
capture cross-section and angular momentum which mark the 
magic number 2, 8, 20, 40, 70. These numbers, however, do 
not concur and coincide with the magic numbers experimentally 
observed save the first three 2, 8 and 20. The shell model is 
likely to produce, energy gaps at the correct magic numbers by 
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assuming a spin orbit force in addition to the static potential 
already dealt with given by 

V 1S = - V(r) l.S = - V(r) (r X P) -S ... (1.3) 

the vectors referring to the orbital angular momentum, spin, 
position and momentum of the individual nucleon. This 
potential which was introduced as a hypothesis to explain the 
magic number was proved with considerable evidence to be real 
even though thoroughly satisfactory theoretical explanation of 
its presence is not so far provided. Its strength suggests that it 
is due to neither electromagnetic phenomenon nor small relati¬ 
vistic effects but due to nuclear force. The tensor force does 
not seem to account for it completely. 

In the case of spin orbit force the states of different / do 
not get mixed inasmuch as 1 commutes with l.s. The orientation 
of 1 is not a constant of motion and only has a fixed Z-com¬ 
ponent. Any given / state involves two j - values, j = / =t | 
In the expression (1.3.), the factor l.s. is indicative of the 
energy of a nucleon with parallel orbital and spin angular 
momenta, being different from that of a nucleon for which 
these vectors are antiparallel. If V (r) be positive, it is attrac¬ 
tive when 1 and s are parallel. Therefore each level of the 
sequence is split into two, corresponding to two j-values, with 
j = / ± | being the lower level. The magnitude of splitting in¬ 
creases with / and can be proportional to (21+1) provided the 
recoil dependence of l.s. potential is smooth. The /-dependence 
of the splitting may to some extent be modified near the nuclear 
boundary where it may largely be concentrated. 

A further clarification can be had if the level sequence as 
modified by strong spin-orbit coupling, the schematic diagram 
of which is given in Fig. 1.2, is observed. The left hand side of 
this figure represents the (n, /) levels of the middle part of the 
previous one (fig. 1.1). These (n, /) evels are connected by 
dotted lines with the resultant pairs of (n, /, j) levels. A group 
oflevels, separated from other levels by relatively wide energy 
gaps is characterised as the nuclear shell. It may be noted 
from Fig. 1.2 that an S-state (/==0) is not split whereas split¬ 
ting of P-states is small. Thus the gaps persist at 2 and 8. It 
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Figure 1.2 

may be noted that / +1 level is lower than the I-\ level 
such as IdB ; >2 which is lower and ld s /o which is higher than 
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the orginal Id state (Fig. 1.2). The nuclear shells are not 
the same as the oscillator shells due to spin orbit coupling. 
It may be noted that the grouping in the three lowest 
levels (Is) (lp) (Id, 2s) is not appreciably changed so that 
the lower shell numbers 2, 8, 20 remain unaffected by the spin 
orbit coupling. The lf 7/a level of the next oscillator level group 
is appreciably depressed and the lf 5/3 is raised by the 1 s split¬ 
ting there by bringing about fair isolation from other levels 
which is indicative of the shell closure at the nucleon 
number 28. The splitting of the Ig level from the higher 
oscillator group brought down close to the preceding level 
group gives rise to a distinct gap at nucleon number 50. It is 
clear that the spin-orbit coupling plays a dominant role in the 
level arrangement. A similar situation arises bringing forth- 
similar features with lh n / 3 and li la / 3 levels at the upper edges of 
the crowded groupings where occur the nucleon numbers 82 
and 126 respectively. 

The level order within nuclear shell 51 to 82 arises mainly 
from the oscillator level group which corresponds to 4fto) of 
even parity except for the level of highest spin lg 9 / s which has 
been filled at 50. It may be noted that the level of the highest 
spin lh 1]t / a of the level order within the nuclear shell of odd 
parity is brought down into this nuclear shell. Thus all levels 
of this nuclear shell save that of lh n/a have even parity being 
brought down from the immediate oscillator level group cor¬ 
responding to 5h<o of odd group. The levels of this group are 
all of odd parity except for the level li which is brought down 
from the even group being already filled with at 126, the magic 
number. The level order within each shell will depend on the 
properties of the potential assumed. The Fig. 1.2 represents the 
nuclear level scheme with spin-orbit coupling mainly for 
protons. The pattern for neutrons is nearly the same for the 
protons up to N=50. From then on ceitain changes take place. 
The low neutron angular momenta are less disfavoured than 
the low proton angular momenta. The nuclear level scheme 
with spin-orbit coupling differs from that for protons. The 
2d 67a level is below the lg 7/a level, the 3s^ a , level is below the 
2d a/a level, the 2f 7/a is very close to the lh 9/a level and also 
3p 8/a level is probably below the 2f fi/a level* 
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1+3 The Phase of Single Particle Model as a Simple Form 
of Shell Model 

The extreme single particle model constitutes the simplest, 
form of shell model in which the nucleons are assumed to be in 
the ground state having dynamically paired motions. Many of 
the nuclear properties, are therefore due to the last unpaired’ 
nucleon. Also it is assumed that the neutron and proton 
states fill independently which amounts that the stale into 
which a proton goes is independent of the number of neutrons 
or the state into which a neutron goes is independent of the 
number of protons in the nucleus. In this type, every even- 
even nucleus has a zero spin and every odd-A nucleus has the 
angular momentum of the unpaired particle. The angular 
momentum of odd-odd nucleus cannot be predicted in as much 
as there is no basis to find which of the various possible resul¬ 
tants of the j-vectors of the unpaired particles has lowest 
energy. This model in its simple procedure does not at all take 
into account the nucleon correlation and thereby is unable to 
cover the actual state of the nucleus. It is probably appropriate 
to consider only the nucleon in closed shells to form an inert 
core and also take into account the internucleon forces between 
the unfilled orbits. It can be shown that this model in its 
realistic approach predicts that the lowest state of an even 
number of neutrons or protons in the same j-shell is J = 0 and 
the lowest state of an odd number is J~j. The experimentally 
determined Values of J for odd-A type nuclei enable the level 
order determination of the shell model. The data of the expe¬ 
rimentally obtained values of spin of odd-A type of nuclei 
together with the expected configurations of nucleons are 
tabulated and given in table (1-1). A comparison of the data 
contained therein with those computed on the basis of this 
model will be useful. If there is agreement the validity of the 
model within the assumed precincts is ascertained whereas 
discripancies are cognized in order to explore the cause of such 
a behaviour. 

From the table it can be seen that filling of the successive- 
states of level sequence in general occurs in order until N or Z 
is reached 33 except for the ninth proton being in the Id 6 / 2 ~ level 
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in F 17 and in 2S 1/a - state in F 19 . These two isotopes are immed¬ 
iate neighbours and their behaviour exhibits the occurrence of 
small variations from nucleus to nucleus in the region of 
effective central potential. It is interesting to note in particular 
that the neutron number appears to have some effect on the 
mode of filling the proton shells thereby making it evident that 
the assumed independence of neutron and proton shells is only 
approximate. There are also other cases calling for attention. 
The nucleon number 11 (Ne 2 *, Na 33 ) in which three nucleons in 
d 5 / a - obitals are assumed to complete their angular momenta 
to a total J of 3/2. Similarly the number 25 (Ti 47 , Mn 55 ), where 
f 7 / 2 nucleons are coupled to J = 5/2. A departure is observable 
from the level expected to be filled at nucleon number 33. The 
:p 3/2 shell is filled by the 32nd neutron or proton. Consequently 
the 33rd neutron or proton is expected to be found in lf 5/a -state. 
Nevertheless the nuclei with 33 neutrons or protons have spin 3/a 
as many nuclei with 35 or 37 nucleons of one kind have. Simi¬ 
larly the 2d fi/a state is expected to be filled at N = 56 although 
the spins of 5/2 are found for nuclei with 57, 59 and 61 neutrons 
thereby indicating that the filling in pairs occurs in the states of 
higher angular momentum. It is a well known fact that the 51st 
to 58 neutrons are in (2d fi/a ) 6 (lg 7/a ) 3 configuration. With the 
addition of the 59th neutron, the same does not enter as the 
third g 7/a neutron. On the other hand, the closed d 5/2 shell is 
split up resulting in the configuration (2d fi / a ) 5 (lg 7 / a ) 4 . 

The root cause of such an unexpected behaviour may be 
traced to pairing energy which has a definite bearing on the 
observed level order. The principle involved is that the con¬ 
figuration in which pairs of nucleons have zero angular mo¬ 
mentum are energetically favoured and that the binding energy 
of nucleons for every such pair is increased by an amount p 
above the sum of all individual particle binding energies. It is 
found that the magnitude of this pairing energy increases with 
the angular momentum j of the single particle level in which 
pairing occurs. The pairing energy ascertains precisely the 
manner in which closely neighbouring levels are filled when 
nucleons are added one after the other to the nucleus. The 
overall picture of pairing energy can be had by considering a 
nucleus with an even number of neutrons with binding energy 
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B (N). With an addition of two neutrons B (N+2) - B (N) 
turns out to be always greater than 2{B(N+1)-B (N) j. 
Hence there is an extra-pairing energy between two neutrons 
in the same shell over and above the individual binding energy. 
The same situation arises with protons. 

The extreme phase of single particle model is unable to 
account for the source of this extra-pairing energy. However, 
in the case of internucleon interaction pairing energy increases 
with the j-value of the particles. The Ig 7 / S level is above 
the 2d 6 / 3 level. Even so the binding energy may be gained by 
the break up of the d fl / 2 -shell with the consequent addition of 
the extra pair in the g 7/a state. If allowance be made for the 
principle of filling by pairs of the lf 5/2 shells, the g 8/a porton 
shell, the lg 7/2 neutron shell, the lh^,, shells and the li „ /a neut¬ 
ron shell, as well as for the very closeness of energy of certain 
levels such as the lg 7/a and 2d 6/a proton states, the single 
.particle model accounts in a very natural way for the J values 
of almost all the odd nuclei except of course for a few isolated 
cases such as Se?9 and Hg ao, ) the exceptional J values all occur¬ 
ring for 151^A^ 180 and N^140. In the regions of these mass 
values the nuclei are considerably deformed from sphericity so 
that the level sequence of the spherical potential cannot be 
expected to be applied in this region. There are deformed 
nuclei also in other part of the periodic table for which the 
present level scheme is not applicable. However, the predic¬ 
tion of large number of experimental J values indicates the 
validity of this model. Moreover, it predicts also the magnetic 
moments on the Schmidt lines. Thus the agreement is such 
that the underlying significance of the model is confirmed. 
The large measure of agreement while confirming the import¬ 
ance of the extreme single particle model calls for the necessity 
of its refinements. The refinements involve that an allowance 
•for interaction between particles in unfilled shells be made 
while maintaining the filled shells as forming an inert core 
which amounts to the use of the single particle model. 

1»4 The Modified Single Particle Model 

The modified single particle model is a refinement of the 
■extreme single particle model. In this model all the low energy 
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properties are attributed to its loose particles outside the 
closed shells. The interactions of these loose particles with 
one another are assumed so small that they do not perturb 
them appreciably from the single particle orbits described by 
the quantum numbers (n,/,j). Certain types of topics for 
which correlations in the motion of the particles are important 
cannot be dealt with and in so far this model cannot be stated’ 
to be any improvement over that of the extreme single particle. 

The degeneracy resulting from the different states formed 
by k particles with the same n, l, j met within the extreme- 
single particle model can be removed by assuming the inter¬ 
action to be just strong enough as to remove the degeneracies 
but not so strong compared with the spin orbit force as to cause 
the cessation of j as a good quantum number for each nucleon.. 
This assumption which is so to speak a part of the single 
particle model may be relaxed while maintaining the funda¬ 
mentals in view by adopting configuration mixture consisting 
of a substitution of the wave functions of two or three ( n, /, j )- 
states for that of the particle. 

The mentioned procedure does not imply that the interaction 
potential Vi 3 between particles in a shell is the same as that in the- 
two particle system. A considerable part of the interaction is 
accounted for in the potential of the single particle model. 
This potential represents the average effect on one nucleon of 
all the other nucleons. The force which removes the degeneracy 
of shell model states is referred to as a remanent effective inter¬ 
action, the exact form of which, although difficult to ascertain 
may be computed by employing simple analytic forms. 

In the case of the treatment of light nuclei A^50, the total 
i-spin of a nucleus which plays an important role may be defin¬ 
ed as * 

T=Sti ... (1.4), 

i= 1 

ti being the i-spin vector. A quantum number may be said to- 
be good if it is invariant for a nuclear state. Since the isobaric 
quantum number T,=$ (Z - N), it is a good quantum number* 
T* also is a constant of motion to the extent to which the inter¬ 
nucleon forces are charge independent. The two nucleon 
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•nuclear force to a good approximation can possibly be charge 
independent. However, the Coulomb force is not so. In the case 
of light nuclei it is reasonable to treat T 1 =T(T+1) as a good 
quantum number of the system since the Coulomb energy is a 
part of the whole. As the value Z 2 /A increases, the apprpxi- 
mation, however, no longer holds good. The line that demar¬ 
cates the two regions is characterized by the increase of the 
•excess of neutrons so that T ceases to be a good quantum 
number and the different single particle shells thereby being 
filled by neutrons and protons. 

The wave function, according to exclusion principle, is re¬ 
quired to be antisymmetric under interchange of all coordinates 
of any pair of nucleons. If the shell be one only of protons, 
then the wave function of the angular momentum must be anti¬ 
symmetric in all pairs. On the other hand if the shell be one 
containing both neutrons and protons and T a good quantum 
number, the function of the angular momentum must be sym¬ 
metric or antisymmetric for an exchange of a given pair depend¬ 
ing on the symmetry of the i-spin function for the same 
exchange. From some of the restrictions mentioned it can be 
seen that the construction of an antisymmetric state with J-odd 
from two particles with the same value of j is not possible since 
the appropriate wave functions for two (n, /, j) particles com¬ 
bining to yield angular momentum (J,M), expressed in the 
Clebsch-Oordan symbols is 

U n M U a (r t ) S (jjmM-m | JM) X,« (1) X 3 M-m(2) ... (1.5) 
If the particles (1) and (2) are interchanged the equation (1.5) 
becomes 

U n (n) U n (r,) 2 (jjmM-m | JM) X f m (2) XjM-m ( i) 

which on changing the summation index by introducing 
m'=M-m and employing the property, 

jj-fjs—J 

(jj m i m j | JM) - (-) (j, j, m 2 m, | JM) 

becomes 

U n (rj U tt (r d ) Sm• (jj M-mW | JM) X-' (1) X^-m, (2 ) 
=U n (r,) U n (r.) s (-)*W (jjm'M-m' | JM) X 3 » (1) X,m-» (2) 

... ( 1 . 6 ) 
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The j is half an odd integer. Therefore (1.6) and (1.5) differ by 
the factor (-) J+1 . Hence antisymmetric functions may be 
observed to exist only for even J. 

The three particle configurations (n, /, j) 3 are subjected to 
the same restrictions as the two particle configurations. The- 
former (n, /, j) 3 can be shown to have no state J=£ antisym¬ 
metric for the exchange of all pairs of nucleons. The possible, 
antisymmetric states foi k-particles for values 11/2 are given 
in table 1.2. The possible states for 2j-fl-k particles which 
amount to k-holes in the shell are the same as for k-particles. 
For fixing the state of a system of k-nucleons, in addition to the 
quantum numbers J and T are required the quantum numbers 
known as the seniority S and the reduced, i-spin t, the former 
being the number of particles left in the shell after the removal 
of any such antisymmetric pair for which T=l, J=0 and 
the latter being the i-spin of these remaining nucleons- 
Two i-spin states for each particle being available, utmost 
two particles only can be in a given space state with the 
same (n, /, j, m). In the same way there may be space symme¬ 
tric pairs which will be automatically antisymmetric in i-spin. 
Moreover, there may be particles, the space states of which 
are different from those of all other particles and which form 
space exchange antisymmetric pairs with other nucleons. These 
pairs are i-spin symmetric T=l. Again some out of these space- 
antisymmetric pairs may have resultant J=0. 

Let the interaction potential Vjj between two particles be- 
small compared with the single particle forces. Then the contri¬ 
bution of this potential to the energy is the expectation value 

given by (E k v H ) for the single particle in view. If v tJ is a 
l<]=i 

central non-exchange force of the type of Wignar potential, a 
closed expression for the energy contribution can possibly be 
derived in terms of S, T, s, t and certain integrals of the radial 
function < 7 » 8) . However, since the nuclear potential contains 
spin exchange forces a general expression for 2 v i3 * may be 
obtained by assuming that (1) the force range is << than the 
radius of the nucleus and (2) all particles in the shell have 
same charge. Only under these conditions the singlet (antisym¬ 
metric) states contribute so that the potential given by 
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IS 


V = — V 0 |~N (r) + B (r) P + M (r; P r + M (r) P M 1 

the various functions of r being arbitrary, becomes 
<S v„> - (W + M - H - B) V 0 (2 j + 1 )/„, 

(2j + 3-Sl s 


K- 

where V 0 = 4 v f V D (r) r* dr, 
and 

/«-*/ [r U aI (r) 


2 (j + 1) 


(1.7). 


4 d r 


4 w r a 


where the term (W+M-H-B) V 0 (r) represents the attractive 
'S (n, p) system. The seniority quantum number S is less than 
2j and f n j is positive. Therefore, lowest energy is obtained 
with the smallest value of S. In the case of even number of 
nucleons k, the smallest possible value of S is zero and for 
odd k, the lowest value of S is one. Wherever S is zero, 
all nucleons are coupled in pairs to J = () and all nucleons 
but one are so coupled. The ground state spin of an odd 
number of like nucleons with the same n, /, j is J ^ j. 

In predicting the spin of a nucleus by employing the 
preceding results it will be necessary to assume further that the 
effective mterparticle forces between nucleons in different / and 
I' are weak coupled with those between two particles in Uie 
same orbit on the basis that nuclear forces are of short range 
and that there is overlap of the /- and /- wave functions 
which amounts to the statement that angular momentum 
coupling within a shell, whether filled or not is not upset by 
the internucleon interaction with other shells. Therefore in 
the case of even Z and odd N nuclei, the protons couple’to 

Q8Utr T t0 u J= jn ’ the j ' ValUe 0f ,fae neutr0 « M 

i h fi ling so that the resultant angular momentum of the 
whole nucleus is J=j„. Similarly in the case of a nucleus of 
an odd Z and even N, J=j p whereas in the case of even nucleus 
J renaams zero. The simple shell model is capable of predict- 

Iwfi 6 C °! reCt V , alueS 0f angular momentum eventhough the 
specific mternucleon forces in unfilled shells are completely 
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The ambiguity inherent in the extreme single particle 
model for odd-odd nuclei persists even here. A neutron shell 

k„ 

■ (n„ / n jn) with the total angular momentum j n and proton 

k p 

shell (n p / p j p ) with angular momenta coupled to j p , with the 
value o{ the resultant angular momentum J can be any where 
from (j„- j p ) to (j n +jp). The ensuing degeneracy of the J-values 
may be removed by considering interaction energy between 
neutrons and protons in the two unfilled shells on the assump¬ 
tion that forces calculated for the individual shells are not 
changed. Now to compute the energy of the mentioned conli- 

k n k p 

guration, let | (j n ) (j p ) , J> be the wave function for the 

Jn Jp 

•stales which the k n neutrons are coupled to j n , the k p protons 
are coupled to give j p and the two resulting states then being 
coupled so that their vector sum J n + J p has a magnitude J, 
the interaction energy between the individual neutrons and 
protons in the unfilled shells may be expressed as 


K n K p K n K p K n K p 

.S. (Jp). ,J | Vjj ] (jn)^ (jp). , J> 

1 ““ J j1 jn jp jn jp 


( 1 . 8 ) 


The expression (1.8) may be reduced to a simple general form 
if short range forces are assumed so that the potential is given 

—“+• —+■ 

as a delta function ; V 0 ( r u ) *= V 0 s ( r^). Within this limit, 
space exchange loses its significance and Heisenberg and Bart¬ 
lett forces are spin exchange forces whereas Majorana and 
Wigner forces have no exchange character so that the potential 
v u may be expressed as 

Vji = -- (1 — ^ ^ a v £Tj) V 0 8 ( r u ) ... (1.9) 

where ^ £ (H + B) = * (1 - W - M) 

Incorporating the above mentioned assumptions, the 
•energy expressed by (1.8) is calculated and found to bet 9 - 1 ® 
K K 

E (jn). " (j P ). P , J — E 0 (K a , K p ) + E <r 
Jn jp 

Xn Xp (1> 1) H" K p Xn Xp) (1 <>C) 

FoUnW + Ecr ... (1.10) 
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Where 

2 j n + 1 — 2 K 0 
Xn = 2 j n — 1 


F 0 On, /p) - » W 0 U W £ d r ' 

Eo (l, l) = H 1 - *0 Fo (4. / P ) ( 2 i<> + ! ) ( 2 j’p + 0 

x (jn jpi- i I JO)M2J+ ir l 


1 (jn + l) + (~) ju + jp + J (jp + 4 ) 

Nn 

■ 4 + 1 

J(J+ 1 ) 

U4K 


and 

E ff =^F 0 (/ n ,/ D ) (2 j n +l) (2j p +l)(j n j„4-l | JO)* (2 J+l)“> 


1 

The energy E ff denotes the one resulting from forces involving 

■exchange and it is independent of the number of nucleons in 
the shells. 


((jn+i) + (-) jn+jp+J (jp+i) 

J(J+T) 


1 + 2 (- ■) l, ' tpJ ] 


] 


In the case of a shell with only a single proton and 
•neutron energy is given by 


E ■ 


(in) 1 . (jp)’>J • =Fn(l>l) + E0- 

i 


and it is evidently a complicated function of J. The potential 
expressed by equation (1. 9) implies that the triplet interaction 
5s V 0 whereas the singlet is (1 - 4o)V 0 . If the net spin exchange 
force be attractive a is positive and the triplet interaction is 
stronger than the singlet interaction. This situation is true 
for two nucleons which are free so that the orientation of the 
two nucleons is expected to favour the triplet spin state. Thus 
cr n and <r p are parallel. If j p - /„ and j n - l a , each of which 
being ± are of opposite sign, parallel c's are obtained for 
opposite orientation of j n and j p . Hence J=|j n -j p |, whereas 
if j p - / p and j„ - In, be of the same sign, the inclination towards 
parallel spins renders J=(j n +j p ) the state of lowest energy 


Nuclear Models (2) 
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The state with J=(j n -j p ) however, is a triplet state containing 
a singlet component. The preceding reasoning holds if the 
preference for the triplet state is distinctly clear so that a is. 
not too small. It has been shown* 9 .'» that for even forces 
of finite range, the state J=| j n - i p | is energetically well below 
the other possible states if j p -/ p and j n -/ n are of opposite 
sign provided a > 1/10. If these quantities are of the same 
sign, the energy of the state J=j n +j P is lowered and if a is 
adequately large the state j n -j p may be crossed by it. The 
spacing between the states being small, the expected order 
may be altered by the perturbations concomitant with their 
smallness. 

The results of the preceding discussions regarding the 
jj coupling of odd-odd nuclei are generalized and briefly 
expressed in the form of simple coupling rules by Nordheim* 12 * 
and modified by Brennan and Bernstein* 13 ). Let ,T p - / p +j n - /„=N 
be termed Nordheim number. Then the spin J of an odd. 
nucleus may be written as 

N = 0, J= | j n ~jp I ; 

N = ± 1, J is either | j„-j p | or j n + j p 

being respectively termed the strong and weak rules which 
hold for k„ and k p > 1. Then the total angular momenta of 
the configuration j„ k n and j p k p may be written as 

N = 0, J « [ j n -j P | ; 

N = ± 1, J is either | j n -j p | or j n + j p . 

In exceptional cases J„ and J p ^ j n and j p . These empirically 
derived rules have been theoretically established* 14 ) on the 
basis of spin dependent residual interaction and also the 
nature of the effects which can bring about the inversion in 
the expected order of the closely spaced states in the event 
of the applicability of the weak rule is clarified. A close 
survey of the observed spins and parities will indicate when 
two orbits are close together in energy, an odd nucleon in 
an odd nucleus is not always in the same orbit in the odd-oddi 
nucleus as in the corresponding odd-A nucleus. 
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1.5 Configuration Admixture 

The particles, as already mentioned, are considered to 
move in (n, /, j) orbits and in such a situation all states of 
k-particles in the same configuration will be degenerate. 
The consequent degeneracy may be removed by introducing 
interactions and calculating the energy splitting between 
different states by the theory of the first order perturbation. 
The energy effective of the inter-section is assumed to be not 
sufficiently strong to appreciably change the wave functions 
of the states. It is, however, required to investigate its validity 
by considering a nucleus with the extreme single particle wave 
function f 0 (JM) which corresponds to a configuration of the 
form given by 

(n t , /„ k + i) kl (n w h - (n.. h, h + i) kl (n„ h> 4- *)** 

... ( 1 . 11 ) 

The majority of the shells, ki = 2li + 2 and the majority of 
the Ki = 2/i are filled, only one or two of the shells being un¬ 
filled. The different modes of coupling the vectors ji in the 
unfilled shells lead to various states of different J. In the 
absence of nucleon-nucleon interaction these different states 
are degenerate with energy E 0 . Consider the state (JM) 
and on introducing internucleon potential v i3 , it will alter its 
energy to a first order by an amount (^ 0 | S v i3 * | ^ 0 ) so that 

i<3 

the degeneracy is removed. The wave function, however is 
simultaneously changed by the interaction and can by the 
theory of first order perturbation may be represented as 

(JM) + S «^p (JM) + S (JM) (1.12) 
p q 

where u p and a q are given by 
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(to e I S Vij I &,) 
_i<i_ 

Eq—E< j 


• • • 


(1. 13) 


p and q being single particle states with unperturbed energies 
E p , E a and the summation being inclusive of all those states of 
the same J and M for which ^ p and are non zero. Then 

obviously an admixed state p or q can differ from an unper¬ 
turbed state by having at most two particles in different 
states. The states p are distinguished from the states q in that 
the nucleons in the state have the same n-and /-values as those 
in f 0 . Hence the configuration of the state f v can be expres¬ 
sed as 


( n i, 4> 4 + 1) kl &1 (Dj,/„/ x - 
X(n„ 4> 4 + l) k, " a * (n„ 4, 4-i) K,+a * 


• • # 


(1.14) 


with a t = - 2,-1, 0, 1 or 2 and s; | a t | *= 1 or 2 


A state fn can have a configuration which may be written 
as 

(n„ 4,4 f *) k ' +b ‘ (tip 4» 4 - *) Kl+/?1 

x (n 2 ,/ 2 ,4 + i) ks+b2 (ii2»4 4-i) K2+ ^ - (U5) 

with bi and 2, -1, 0, 1 or 2, Si ( | bj | + | ft | )=2 or 

4 and bj-fft 0 for at least one value of i. This ensures that 
in a state q at least one nucleon has changed its n and / or 
n or /. 


Even if p-states alone are admixed, each nucleon could be 
assigned a specific /-value, in which case j would no longer be 
a good quantum number. However, for q states, neither one of 
the two, l and j, is a constant of motion. In both types of 
admixture excitation occurs to unfilled level nucleons initially 
from both filled and unfilled levels. The coefficients «£ p and 
measure the amount of admixture. It is required that all the 
I *C I a < < 1 order to hold the first order perturbation and 
quite convincingly to ignore configuration mixing. Only a few 
states are appreciably mixed in the wave function. These few 
states are those the unperturbed energies of which, E p orE 4 
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are near E 0 or the matrix element, (^ 0 [ Vjj | of which is very 
large. It is already pointed out that the single particle states 
which are quite closer in energy have different /-values thereby 
suggesting that certain q-values may play an important role in 
configuration mixing. The p-states can also be important in 
cases where two nucleons with the same n and / have very simi¬ 
lar wave functions so that the matrix element may be large 
even though the energy difference is not specially small. It is 
interesting to note that the allowances already made for the 
first order energy correction take into consideration the case of 
an error arising out of a reasonable amount of configuration 
mixing from getting access into the conclusions regarding 
ground state spins the values of which remaining unchanged. 
Now it may be possible to have a clear picture of occasional 
inversion of the order of neighbouring states due to higher 
order effects. This situation makes the Nordheim weak rule 
more a tendency rather than precise result. Higher order 
effects such as magnetic moments may appreciably be changed 
by the admixture of a state with single particle moment. 

Table 1.1 

Shell Model Configurations for Odd-A Nuclei 

Z = Proton number 
N =5 Neutron number 
J ■= Total angular momentum 
I = Spin 

= Magnetic moment 
Q = Quadrupole moment in barns 


Nucleus N 

Z 

J 


Q barns 

Configuration of 
neutrons 

lS l/2 lP 8 /2 IPi/* 

n 

1 

0 

1/2 

-1.91314 

-1.91314 

i 


He* 

1 

2 

1/2 

-2.12755 


i 


Be 9 

5 

4 

3/2 

-1.17744 

+0.029 

2 

1 

C 13 

7 

6 

1/2 

0.722381 


2 

4 1 

8 
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Nucleus N 

Z 

J 

/*» Q bams 

Configuration of 
neutrons 

2s x /2 Id#/* 

O 17 

9 

8 

5/2 

-1.89370 -0.0265 

1 

Ne ai 

11 

10 

3/2 

-0.661757 

(3) 

Mg a * 

13 

12 

5/2 


(5) 

6 " 

15 

14 

1/2 


(6) (1) 

S33 

17 

16 

3/2 


6 2 1 

S»5 

19 

16 

3/2 


6 2 3 


20 


If,,, 


A 8» 

21 

18 

7/2 




1 



Ca‘3 

23 

20 

7/2 

-1.3172 



3 



T i« 

25 

22 

5/2 

-0.7881 



5 

Deformed 

Ti« 

27 

22 

7/2 

-1.1036 



7 



28 







2 p»/» 

If./, 

2pi/a 


Cr*3 

29 

24 

3/2 

-0.47434 

-0.03 

1 




Fe" 

31 

26 

1/2 

+0.0905 

• ft • 

3? 




Ni BI 

33 

28 

3/2 

0.704 


3 

2 



Zn« 

35 

30 

5/2 

+0.76926 

-0.274 

4 

3 



Zn‘r 

37 

30 

5/2 

+0.87552 

+0.182 

4 

5 



Zn“ 

39 

30 

1/2 



4 

6 

l 


Ge’3 

41 

32 

9/2 

-0.8788 

+0.21 

4 

6 

2 


Se” 

43 

34 

1/2 


+ 1.1(2) 

4 

6 

1 

4 

Se™ 

45 

34 

7/2 

-1.0815 

+0.92 

4 

6 


7? 

Kr 83 

47 

36 

9/2 

-0.97017 


4 

6 

2 

7 

Sr 8 ’ 

49 

38 

9/2 

-1.0930 

+0.363 

4 

6 

2 

» 

9 


50 
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Nucleus N 

Z 

J /t Q barns 


Configuration of 
neutrons 




2 d t/ , 

i I& 7/2 3®i/a 

2 d g / 2 

lbn/2 

Zr 91 

51 

40 

5/2 -1.30285 1 







Mo 95 

53 

42 

5/2 -0.9133 3 







Mo <> 7 

55 

42 

5/2 -0.9325 5 







Ru 99 

55 

44 

5/2 -0.6315 5 







Ru 101 

57 

44 

5/2 -0.6915 5 


2 





Pd 108 

59 

46 

5/2 -0.6155 5 


4 





Pd‘09 

'61 

48 

5/2 -0.828615 5 


6 





Cd ln 

63 

48 

1/2 -0.62213 6 


8 

l 




Sn 115 

65 

50 

1/2 -0.91781 6 


8 

l 




Sn 117 

67 

50 

1/2 -0.99983 6 


8 

l 

0 


2 

Sn 119 

69 

50 

1/2 - 1.04621 6 


8 

l 

0 


4 

Te 183 

71 

52 

1/2 -0.73585 6 


8 

l 

0 


6 

Te 13S 

73 

52 

1/2 -0.88715 6 


8 

l 

0 


8 

Xe 1 * 9 

75 

54 

1/2 -0.77686 6 


8 

l 

0 


8 

Xe 131 

77 

54 

3/2 +0.69066 -0.120 6 


8 

2 

1 


10 

Ba 13 ‘ 

79 

56 

3/2 +0.83718 6 


8 

2 

1 


12 

Ba 137 

81 

56 

3/2 +0.93654 6 


8 

2 

3 


12 

£2 





« 

fl 

Cm 

CN 

Cl 

o» 

•a 

ea 

Pi 

CO 

-- 

• 

<S 

« 94 

* 

~ ■ rl 

CO 1—i 

Nd 1 * 3 

83 

60 

7/2 -1.085 +0.05206 

l 






Nd us 

85 

60 

7/2 - 0.69(10)+0.2084 

3 






Sm 147 

85 

62 

7/2 -0.76(8)-0.2084 

3 






Sm 1 " 

87 

62 

7/2 -0.64 +0.0601(1) 

< 









119 to 126 Region of non-spherical nuclei 



Pt 196 ■ 

117 

78 

1/2 +0.60602 

8 

10 

4 

6 

1 

6 

Hgi»* 

117 

80 

1/2 +0.524056 

8 

10 

4 

6 

1 

6 

Hg ' 99 

119 

80 

1/2 +0.502702(1) 

8 

10 

4 

6 

1 

8 

Hg*° l 

121 

80 

3/2 -0.556701(3) 










+0.505 

8 

10 

3 

6 

0 

12 

Pb s o« 

123 

82 

5/2? 

8 

10 

3 

5 

0 

14 

Pb a o 7 

125 

82 

1/2 

8 

10 

4 

6 

1 

14 

126 
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Nucleus N 

Z 

J 

- 

Q barns 

Configuration of 
neutrons 








2 g, 

D/S 

Pb’O" 

127 

82 

9/2? 




1 

i 

Po s, » 

127 

84 

9/2? 




1 


Pb2‘l 

129 

82 

9/2? 







130 



Region of non-spherical nuclei 







lPl/2 

1P3/2 

lPi/. , 

H 

1 

0 

1/2 

4-2.792777 


1 



H> 

1 

2 

1/2 

-2.97385 


1 



Li’ 

3 

4 

3/2 

+3.25628 


2 

l 


B” 

5 

6 

3/2 

+2.68857 

+0.036 

2 

3. 



7 

8 

1/2 

-0.28309 


2 

4 

r 

8 







1 ^6/ 2 

2 s i/fl 

Id./, 

F 1T 

9 

8 

5/2 



1 



F" 

9 

10 

1/2 

+2.6287 



i 


Na” 11 

12 

3/2 

+2.21751 

+0.11 

(3) 











Non- 

Al” 

13 

14 

5/2 

+3.64140 

+0.15 

(5) 

spherical 








Nuclei 

psx 

15 

16 

1/2 

+1.13166 


(6) 

(i) 


Cd*‘ 

17 

18 

3/2 

+0.82183 

-0.080 

6 

2 

i 

Cd* T 

17 

19 

3/2 

+0.68409 

-0.063 

6 

2 

i 

K” 

19 

20 

3/2 

+0.39140 

+0.092 

6 

2 

3 

K 11 

19 

22 

3/2 

+0.21483 

+0.11 

6 

2 

3 

20 
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Nucleus Z N J ^ Q barns Configuration of 

protons 




Sc 18 

21 

24 

7/2 

+4.75626 

-0.22 

1 

Y$7 

23 

28 

7/2 

+5.143 

+0.20 

3 

Mn« 

25 

28 

7/2 

+5.046 


5 

Mn 55 

25 

30 

5/2 

+3.4678 

+0.35 

5 

Co" 

25 

30 

7/2 

+4.585 


7 

Co" 

27 

32 

7/2 

+4.5835 


7 


28 


Deformed 




2Ps,j lf t /2 2p 1(2 Ig 

»r «* 


Cu“ 

29 

34 

3/2 

+2.2261 

+0.163 

1 



Cu" 

29 

36 

3/2 

+2.3849 

+0.153 

1 



Ga 69 

31 

38 

3/2 

+2.02602 

+0.191 

3 



Ga 71 

31 

40 

3/2 

+2.516161 

+0.121 

3 



As i * * * * * 7 * 

33 

42 

3/2 

+ 1.4390 

+0.32 

3 

2 


Br 79 

35 

44 

3/2 

+2.1056 

-0.221 

3 

4 


Br 91 

35 

46 

3/2 

+2.2696 

-0.282 

3 

4 


Rb*i 

37 

44 

3/2 

+2.052 


3 

6 


Rb 8 9 * 

37 

46 

5/2 

+ 1.422 


4 

5 


Rb 8 * 

37 

48 

5/2 

+ 1.35267 


4 

5 


Rb 87 

37 

50 

3/2 

+2.7505 


3 

6 


Y « 

39 

50 

1/2 

-0.137316 


4 

6 

1 

Nb 93 

41 

52 

9/2 

+6.1671 

-0.21 

4 

6 

2 

Tc 19 

41 

56 

9/2 

+ 5.6806 

+0.34 

4 

6 

2 

Rh 103 

45 

58 

1/2 

—0.0883 


4 

6 

1 

Ag' 07 

47 

60 

1/2 

—0.113548 


4 

6 

1 

Agi" 

47 

62 

1/2 

-0.130538 


4 

6 

1 

Agui 

47 

64 

1/2 

—0.1461 


4 

6 

1 

In 109 

49 

60 

9/2 

+ 5.546 

+ 1.20 

4 

6 

2 

In 118 

49 

64 

9/2 

+5.5233 

+ 1.143 

4 

6 

2 

In 1 " 

49 

66 

9/2 

+5.5351 

+ 1.165 

4 

6 

2 


i 

3 

6 

8 

8 

8 

9 

9 

9 
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Nucleus Z 

N 

J 

/t Q barns Configuration of protons 







N 

CS 
60 
*—H 

ec 

»o 

<N 

c 

M 

PN 

t—H 

- " « 

co **5 

"O oT 
CN CO 

Sb 121 

51 

70 

5/2 

+3.3590 

-0.591 


l 



Sb 123 

51 

72 

7/2 

+2.5466 
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j"3/2 

,’k =1:3/2 k = 
= 2 : 0,2 


j - 5/2 

1: 5/2 
2: 0, 2, 4 
3: 3/2,5/2, 9/2 


j = 7/2 

k = 1: 7/2 

2: 0, 2, 4, 6 
3: 3/2, 5/2, 7/2, 9/2, 
11/2, 15/2 

4: 0, 2 (twice), 

4 (twice), 5, 6, 8 


j = 9/2 


* = 1: 9/2 

= 2: 0, 2, 4, 6, 8 

= 3: 3/2, 5/2, 7/2, 9/2 (twice), 11/2, 15/2, 17/2,21/2 
= 4:0 (twice), 2 (twice), 3, 4 (3 times), 5, 6 (3 times), 
7, 8, 9, 10, 12 

= 5:1/2, 3/2, 5/2 (twice), 7/2 (twice), 9/2 (3 times), 

11/2 (twice), 13/2 (twice), 15/2 (twice), 17/2 (twice), 
19/2, 21/2, 25/2 

_ j = 11/2 


& = 1 : 11/2 

= 2: 0, 2, 4, 6, 8, 10 

= 3: 3/2, 5/2, 7/2, 9/2, (twice), 13/2, 15/2 (twice), 17/2, 19/2, 
21/2, 23/2, 27/2 

= 4:0 (twice), 2 (3 times), 10 (3 times), 11, 12 (twice), 13, 
14, 16 

•= 5: 1/23/2 (twice), 5/2 (3 times), 7/2 (4 times), 9/2 (4 times), 
11/2 (5 times), 13/2 (4 times), 15/2 (5 times), 17/2 
(4 times), 19/2 (4 times), 21/2 (3 times), 23/2 (3 times)- 
25/2 (twice), 27/2 (twice), 29/2, 31/2, 35/2 

= 6:. 0 (3 times), 2 (4 times), 3 (3 times), 4 (6 times), 
5 (3 times), 6 (7 times), 7 (4 times), 8 (6 times), 
9 (4 times), 10 (5 times), 11 (twice), 12 (4 times), 
13 (twice,) 14 (twice), 15, 16, 18 
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Part Two 


Independent Particle Model 


The independent particle model is based on the assump¬ 
tion that each nucleon moves independent of all other nucleons 
dn a common potential field representing the average effect of 
all interactions with other nucleons, this field likely being the 
same for each particle. Hence this model involves a description 
of a systematic procedure to derive nuclear wave functions 
which though considered accurate relies partly on the approxi¬ 
mate validity of the shell model. The wave function and the 
energies of the states of a mechanical system require to postu¬ 
late a complete set of wave functions which is orthogonal. Let 
these functions be denoted by . These wave functions need 
not be the actual wave function of the system. This procedure 
•is adopted in order to set up the energy matrix which is formed 
by evaluating ($i | H | $j), H being the Hamiltonian of the 
system. Then the matrix is diagonalized, the diagonal elements 
being the eigen values E]£ of the energy of the actual system 
and the corresponding eigen vectors <x ik giving the actual wave 
functions ^ given by *A=Si <*ik #i- A proper choice of the 
set on the basis of physical insight is to be made for keeping 
the calculation within reasonable limits by diagonalizalion a 
.part of energy matrix for a given # k there being a few non¬ 
zero cL ik ’s. 

This model considers for $ l9 completely antisymmetrical 
products of single particle states for any reasonable central 
potential. The harmonic-oscillator potential may be employed 
'because of its simplicity. A description of the method of deve¬ 
loping antisymmetric wave functions for A nucleons which is 
•adequate for this purpose may be outlined by considering two 
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usually employed sets of basic wave functions $i, expressed in 
terms ofL—S and of j—j coupling schemes. In the L—S coup¬ 
ling scheme the single particle wave function is taken into 
account as given by 

<#> (n l m / m B m t )=u n/ (r) y^ (0,</>) a (m 8 ) t (m t ) ... (2.1), 

depicting particles of fixed orbital and spin angular 
momenta l, m l and J, m s and fixed charge denoted by m t .. 
The terms in the above expression a (m a ) —a or £ and 
t (m t )='i( or S • The total wave functions $ (/*) for k particles- 
of quantum number 1 describing states of definite L, M*, S, Ms„ 
T, M t may be formed by employing the function <f> • It may be. 
mentioned that only totally antisymmetric wave functions are 
allowed. The identification of the states cannot be complete 
unless an extraquantum number specifying the symmetry of 
$ be supplimented to the quantum numbers mentioned**) 

In the j — j coupling, single particle functions are employed 1 
which are given by 

<j> (n 7j m m t ) 

=u n/ (r) r (m t ) S (l|m / m—m ; | j m )y / m / (Q,4>) <r (m-mp ...(2.2> 

depicting particles of fixed total angular momentum j, m of" 
definite charge m t and of a given magnitude / for orbital angular, 
-momentum. These particle functions are so combined as to form 
a total state $ (j k ) of a definite J, M, T, M T , seniority S and 
reduced i—spin t. Even here only totally antisymmetric states- 
are allowed. 

The possible L—S coupled states of the p-shell and the* 
j—j coupled states of the P 2/ 2 shell and the Pi/ 2 shell are tabu¬ 
lated and given in tables 2.1 and 2.2. The set of total wave 
functions in either one of these two cases is complete and any 
given actual nuclear state may be expressed as a series of either 

$ (/* LM l SM s TM t [ X ]) or $ (j k JMst TM X ) ... (2.3) 

However, the set that corresponds closely to the actual nuclear 
states is the one that is worth wishing for arriving at the actual 
situation. The L is a good quantum number for purely central 
interparticle forces whereas J is the only constant of motion 
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among the various sums of angular momentum for pure spin 
orbit force proportional to l.s although individual values of 
/and s are good quantum numbers. The actual situation, 
however, being one of intermediate coupling with both spin 
orbit and central forces present, either each one of the couplings 
or both couplings may be employed in calculations according 

to the method followed. 

2.1 Matrix Elements 

The evaluation of the matrix elements (<I»j | H | 
may be reduced to that of two-particle matrix de¬ 
ments. In this procedure, the fractional parentage 
coefficients maybe introduced for convenience. Let a wave func¬ 
tion for k particles expressed by $ (j k JMst TM-r) be treated 
as one to be made up of all suitable combinations of states of 
k - 2 particles and two particles so that 

$ (j k JMst TM X ) = % S ($ f I # (k - 2), <h(2) 

(k - 2) <K2) 

X {* (j^J's't'T') $ (j a J"s"t"T") ... (2.4) 

(jfc- 2 J'T0 $ (j 2 J"T")} being the properly antisymmetrized 
wave function of a state composed of two groups of particles, 
of which one consists of k - 2 particles having total quantum 
number as J' and T' and the other comprising two particles 
with (quantum numbers) J" and T", The angular momentum 
vector is specified by J, M, and a total i-spin T, Mr. The 
summation in 11-4 is carried over all possible states $(k-2y 
and $ (2). The numerical coefficients ($ { | $>(k-2), $ (2)) 
are known as coefficients of fractional parentage (c/p). The 
3/2, 5/2, 9/2 are the only possible j values for configuration 
(5/2) 3 . These coefficients are evaluated^) and the resultant 
numerical values for the mentioned configuration (5/2) 3 
expressed in terms of j - j coupling are given in Table 2.3. 
The coefficients are expressed in terms of j - j coupling. Similar 
considerations, however, hold good in the case of L - S coupled 
states. There are again certain coefficients for expressing the 
total wave functions besides (k { | (k - 2), 2) cfp> s as a combi¬ 
nation of states of single particle and those of k -1 particles as 
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$(j k ) = a S(${ I #(k>1), $) {$ (k-l)$} ...(2.5) 
<#>(k -1) $ 

■$ being a wave function of the k-th particle. 

The nuclear Hamiltonian in the case of two body forces 
can be written as 

H = 2 Tj + 2 Vij ... (2.6) 

i i < j 

‘V i3 being the interaction between particles i and j. A matrix 
element of the form (<£ r | | $ s ) has the same value inasmuch 

as #’$ are antisymmetric in all particles. Therefore 

($ r | S v„ | $ s ) = |k(k-l)(# x | v k .i, k | fc s ) ... (2.7) 

■ - • 

1 < J 

An expansion of $ r and $ B , on the basis that different 
• $ (k-2) are orthogonal and that v*..!, k depends on the (k- 1) 
and the kth particles may give 

(*r i Vk-i. k I *») = a s a (®*{ l *(k - 2), #(2) )* 

*(k-2) *(2) <j>'(2) 

X (*, { -I *(k-2), *'(2) (*(2) | Vfc.!, k I *'(2)) ... (2.8) 

■Consequently if the matrix elements of v„ for all possible 
two-particle states be known the matrix elements for the inter¬ 
action energy of k-particles can be found. It is required to 
have the data of the values of c/p for (k-2) as well as those 
-of two-particle grouping. Similarly the matrix elements of 
sums of one particle operators such as the kinetic energy or 
the magnetic moment can bs expressed in terms of matrix 
elements between single particle states and the (k { | k-1, 1) 
c/p. 

It is possible to determine the energies E k and the wave 
functions of the actual states of nucleus and obtain as 
sj-fc = St a lk $t by evaluating and diagonalizing the matrix 
,(3r I H I 4> s ). Also the matrix element between two real (actual) 
.states of any operator O such as electromagnetic moment 
may be expressed as 

< *k I O | *a > - S ** * vm (*», I O 1 — (2-9) 

Pi* ^ 
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If Okm = (*k ! O | *m), (fyl O I *„) and consider^ 

and O as matrices, the expression (2.9) can be written as 

0 - 4 * 0 '* - ( 2 - 10 ) 

The calculation of O' is easier than that of O directly inas¬ 
much as the structures of $ are simpler than those of 


2*2 Fixed Positions of the Centers of the Potential and 
Mass 

The choice of the fundamental single particle wave func¬ 
tions $ as eigen function of a one body potential amounts to 
an attribution of a fixed position to the center of potential. 
But it is the center of mass that is actually likely to be fixed. 
The view of the fixed center of the potential does not coincide 
with that of (the fixed center of mass. A model may be pictured 
which leads to independent oscillatory motion of all 3A 
degrees of freedom of the space coordinates of the A nucleons 
whereas the three coordinates in the mass center are actually 
fixed. It may be said that 3A - 3 independent coordinates 
describe the internal morion. The functions <f> as functions of 
the internal coordinates aie not all linearly independent. 

Consider the separation of the center of mass motion to be 
possible by assuming the wave functions $ as products of a 
function of center of mass coordinates R and a function of 
internal coordinates. Then the functions $ having the same 
R dependence can be chosen. Such of these functions are 
linearly independent forming a complete set in internal degrees 
of freedom. The remaining functions being spurious can be 
ignored. This procedure may be extended to harmonic oscil¬ 
lator wave functions which are usually employed for the basic 
states. All those wave functions $ containing center of mass 
coordinates in Is state can be determined^. These wave func¬ 
tions $ should be divided by the ls-wave functions of the mass 
center to obtain the wave functions for the internal motion. 
Most of the matrix elements of interest are for operators 
which are independent of the mass center. The adoption of 
the above procedure may seldom be required* The separation of 

Nuclear Models (3) 
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the center of mass motion in other single particle potentials for 
harmonic oscillator with spin-orbit added cannot however, be 
made uniquely^. Therefore the use of shell model wave 
functions is restricted for many calculations. Even so an 
approximate correction can be effected. 

2+3+ A Survey of the requisites for calculation on the basis 
of independent particle model 

Consider the separation of the center of mass motion to be 
possible by assuming the wave functions $ as products of a 
function of center of mass coordinates R and a function of 
internal coordinates. Then the $ having the same R-depen- 
dence can be chosen. Such of these functions are linearly 
independent forming a complete set of internal degree of 
freedom. The remaining functions being spurious can be 
ignored. This procedure may be extended to harmonic oscil¬ 
lator wave functions which are usually employed for the basic 
states. All those wave functions $ containing center of mass 
coordinates in the ls-state can be determined^. All these wave 
functions can be divided by these ls-wave functions of the mass 
center to obtain the wave functions for the internal motion. 
Most of the matrix elements of interest are for operators which 
being independent of the mass center, the adoption of the above 
proceduie may seldom be required. The separation of the 
center of mass motion in other single particle potentials for 
harmonic oscillator with spin-orbit added cannot however, be 
made uniquely. Therefore the use of shell model wave func¬ 
tions is restricted for many calculations. Nevertheless an? 
approximate correction can be affected. The choice of suitable 
functions the knowledge of the nuclear Hamiltonian in 
general and that of the forces in particular are essential requi¬ 
sites in order to determine the nuclear properties on the basis 
of independent particle model. The potential energy can be em¬ 
ployed in order to describe the interaction between the nucleons 
in nuclei inasmuch as these nucleons are expected to be moving 
with adequately low energy. The data of the two nucleon 
scattering may be employed but the best values for independent 
particle calculation cannot be expected to be observed to act 
between two free nucleons since the presence of other nucleons 
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might influence the interaction although the evidence of such 
many body-forces, if at all, is trivial. For simplicity in calcu¬ 
lation a different potential is used. The assumption that the 
states are not different from those of the actual wave functions 
does simplify the calculations in diagonalizing the energy 
matrix in the independent particle model. This model envi¬ 
sages that the approximation of a single particle orbital struc¬ 
ture is fairly satisfactory. In some contexts this assumption 
works well. The various parameters associated with these 
orbits are those such as energy angular momentum etc. of 
nucleons. Thus the characteristics of the wave functions are 
looked upon as the coordinates of the nucleons. The success 
of the model, however, does not adequately substantiate its 
picture. If there were certain degrees of freedom of the 
nucleus satisfying particle like equations of motion, the 
energy and angular momentum characteristics would be un¬ 
altered. This concept may be clarified if the example of 
motion of a two particle system is considered which from the 
point of view of classical mechanics may be separated into two 
quasi-particle motions. The change of the coordinates of the 
mass center appears as if it is one with the total mass of the 
system acted on by the interparticle force. The coordinates of 
these fictious particles turn out to be a particular type of 
combinations of the coordinates of the actual particles. The 
use of nucleon coordinates may lead to a form of coordinate 
system, some of the coordinates of which satisfy equations of 
motion of the form as that of the equations of motions of 
single particles. The quasiparticle concept may lead to an 
understanding of the shell structure. The characteristics of 
quasiparticles being not identical with those of the nucleons, 
the nuclear characteristics such as magnetic moment cannot be 
computed from the assignment of the nucleon moments to the 
quasiparticles. 

From the foregoing considerations, it seems reasonable 
to modify the two nucleon potential for application to the 
independent particle model in a manner that each particle is 
assumed to be experiencing a potential to l.s where s and / are 
proportional to its angular momenta with / referring to the 
origin of coordinates. Even if this force be not present in 
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nucleon-nucleon interactions, it may arise from interactions of 
a nucleon with a closed shell. The suggestion that l.s force 
may be due to tensor coupling is untenable inasmuch as its 
magnitude is too meagre to produce this effect. The effective 
l.s force, on the other hand may possibly be due to two nucleon 
L.S coupling and in many cases the matrix elements of Sj.l £ 
are akin to those of Sjj (Si+Sj). rijX(Pi -pj). Another modifica¬ 
tion may be effected which involves the central force being 
taken as one of the exchange type which differs from that of the 
two nucleon potential such as the Rosenfeld potential w of the 
form which though essentially central, exhibits spin and parity 
dependence given by 

V = -V 0 [W(r)+B(r)Pcr + M(r)P x + H(r)P 1I ] ... (2.11) 

where W = — 0.13, M = +0.93, H = -0.26, B = + 0.46 (2.11a) 
The use of extreme form of potential, disregarding small com¬ 
ponents of W and H gives 

W = H = 0, M = 0.8, B = 0.2 ... (2.11b) 

There is also the Serber exchange which differs from the 
values of the potentials already dealt with and the values in 
this case of W, M, H, B are obtained as 

W = M = 0.5, H = B = 0 ... (2. 11c) 

This latter form is suggested on the basis of the two- 
nucleon scattering data. A consideration of Serber force does 
not yield correct value of the difference between the levels 
with T *s 0 and T = 1 in odd-odd nuclei such as Li< 6 > and F 18 ; 
However, in the calculations so far carried out, the radial 
dependence of the forces has not been assumed to be mono* 
tonically attractive. The results are not very sensitive to the 
shape even for the variations from Yukawa to Gaussian forms. 
Nevertheless a repulsive core appreciably may alter the results,. 
Also the quasi particle interaction could not be a two-nucleon 
force. If the actual nucleon-nucleon potential be insisted, the 
quasiparticles could not remain as such but become real so 
that the use of the assumption of the shell model. Involving 
only a small part of the energy matrix in diagonalisation be¬ 
comes a vague procedure. In most of the calculations using 
this model, the tensor force is not taken in to account and those 
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calculations may not be involving the properties sensitive to 
this force. 

2.4 Results of Calculations on the Basis of Independent 
Particle Model 

The energy levels for nuclei with mass numbers A = 7, 10, 
18 and 19 predicted on the basis of independent particle model 
may be taken into consideration in order to determine its suc¬ 
cess as well as to ascertain its limitations. With this object in 
view only the lowest configuration for function $ and the dia- 
gonalization of the small matrix are taken into account as a 
measure of simplifying the calculations of this model. The 
nucleus with A = 7 may be viewed as a closed shell (Is) 1 and 
the three particles in the p-shell as containing twelve indepen¬ 
dent single particle states. The d-shells are not taken into con¬ 
sideration and the holes in the Is are not allowed. Similarly id 
the nucleus with A = 18 the states of the form (ls)4(lp) 19 (ld,2s)* 
are taken into account. In such cases the validity of the 
results is limited to the composition of the particles in the 
indicated compositions. The facts of the function? closely* 
resembling the actual wave functions will be of importance in 
so far as it simplifies the calculations while its usefulness being 
dependent on the approximate validity of shell model. In the 
case of nuclei 16 < A^ 40, both the Id and 2s model functions 
are to be treated inasmuch as the functions of these are very 
close in energy. The actual wave functions turn out to be 
their linear combinations. 

The mentioned approximation using the lowest major con* 
figuration yields a state of parity as that of the ground state. 
The states of opposite parity are obtained by an introduction 
of some particle excitation so that a probable state arising out 
of particle excitation of the Ip nucleons in the nucleus A = 18 
is the (Is) 4 (lp) 11 (Id, 2s)* which is evidently an odd parity state. 

The difference in energy between particle states is controlled 
by the shell model potential from which the basic functions # 
of the shell are determined. It may be mentioned that energy 
spacings between the states of the coupling of different angular 
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momentum within a shell generally are smaller than the 
mentioned energy differences so that a number of states of 
excitations of normal parity can be lower than the first state of 
non-normal parity. 

This situation may be understood by following the calcula- 
tions< 5 > for intermediate coupling in lp-shell for A = 7 and 10. 
The use of extreme form of the potential given by (2-1 lb) yields 
results which depend only on L, K and g, L and K being 
certain matrix elements of the central potential and g the 
measure of strength of the l.s force. L and K are expressed in 
terms of g 

OC 

j~ V (r) e " r / k (15 b* rs + 4 r e ) dr 

O 

OC 

and J V (r) e r ^ r 4 dr, 

0 

where V (r) is the interparticle central potential and b is the 
parameter of the oscillatory functions used for <f>. In the case 
of a range of certain values of potential and the size of nucleus 
the value of the ratio L/K is estimated and found to be 
approximately 6. Thus the value of k fixes the energy scale 
whereas L/K and | /K determine the relative energy levels. The 
diagonalization of lp-shell matrix yields values in terms of the 
mentioned parameters for Li 7 and Be 7 as well as for Bio and 
Be 10 as shown in figure 2.1 (a, b) and 2.2 (a, b, c, d, e, f) 
respectively. In these figures the abscissa represents g/k 
measuring the relative spin-orbit and central energy configura¬ 
tions which are important for computation. The ordinate is 
given in units of energy. The L/K depends on the ratio of the 
nuclear size to range of nuclear forces. The diagonalizations 
are carried out in units of K, being then left as a parameter to 
match the experimental energy scale. In the Figure 2.1, 
(a) represents the dependence of the spectrum on g/K and L/K 
where the curves are for L/K »■ 6.8 and illustrates the g-depen- 
dence and (b) represents calculated levels for L/K = 6.8, 
£/K- = 1.0, K = — 1.2 MeV. In this case it can be noted that 
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the 5/2 level is in agreement with the calculated 5/2” at 5.7 
MeV. Just above this level, a state of opposite parity 1/2+ or 
3/2 + occur which may be considered as the lowest state of 
particle excitation, the configuration being (Is) 4 (lp) 2 (Id, 2s) 7 . 
The next state of normal parity may be expected to be 5/2” as 
found. The energy, however, is 7.5 MeV which differs from the 
computed value, 12.5 MeV. The 7.5 MeV state may be said to* 
be resulting from a mixture of mainly the 5/2 configuration at 
12.5 MeV with other higher configurations including particle 
excitations. It should be so since for a wave function which 
contains a mixture of various configurations its actual energy 
is lower than that of the lowest pure configuration provided 
that these cofigurations are not mixed into the nuclear states 
of lower energy as required by the general result of quantum 
mechanics* 6 ). From this example, in the case of at least small 
A it looks as though the nuclear states up to excitation energy 
of about 5 MeV would be pure configuration but above that 
energy interconfiguration mixing could be of importance. 

The Figure 2.2 shows Kurath’s computed results on the 
levels of the nucleus A = 10, of the most complex p-shell type, 
representing its level-order curves of which (a) indicates levels 
as a function of £ / K for fixed L/K = 6.8; (b) levels as a func¬ 
tion of L/K for fixed |/K = 4; (c) levels for g/K = 4.75, 
L/K = 6.8, K = — 0. 10 MeV; (d) levels for |/K = 4.0, 
L/K = 5.8, K = — 1.13 MeV; (e) and (f) experimental spectra. 
It may be mentioned that A = 10 are the most complex p-shell 
nuclei. From this figure it can be seen that there is a slight 
dependence of the level energies on the ratio L/K determined! 
by the central potential and a more sensitive dependence on 
the ratio | / K. The Be 10 has only T = 1 states since T z value 
is 1. The T = 0 states are lower than T = 1 by about 2 MeV. 
Such splitting may be observed in some other nuclei which may 
be connected with the symmetries of the states and the presence 
of the large attractive spin exchange force of the potential of 
the Rosenfeld type. The other potential which is of the Serber’s 
type has no adequate spin-exchange interaction to give rise to 
these splittings as observed by Redlich* 7 >. The theoretically 
deduced values with experimental results are in good agree¬ 
ment. The lowest levels, attributed to be resulting from 
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particle excitation are actually the 1 + and 2~ states in the- 
proximity of 5 MeV. The 1 + state is expected to be a two 
particle excitation such as (Is)* (lp)* (Id, 2s) s on account of its. 
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being of even parity. The 2~ state on the other hand is likely 
to be the lowest level of (Is) 4 (lp) B (Id, 2s) 1 . The two particle 
-excitation, as already pointed, has slightly lower energy than 
the one particle state — a fact assumed to be due to a reflec¬ 
tion of the finer details of the exchange nature of the forces and 
symmetries of the two states. This effect is of the same type as 
that leading to pairing energy. 

The calculated levels of all p-shell nuclei elucidate the 
mature of agreement between the computed values on th» 
basis of individual particle model and the results of experiment. 
The interesting feature of the outcome of these calculations is 
ithat very nearly the same value may be employed throughout 
•the central force parameters L and K whereas the effective 
.single-particle l.s force constant increases with the increase of 
•the shell filling which may be expected in such a case where the 
■spin-orbit force is an approximate representation of diverse 
complicated spin-dependent interactions with other particles. 

In the case of nuclei beyond the configuration (Is) 4 (lp) 1 * of 
O 16 the filling of (Id, 2s) - shell is expected. The Id,/, and 2s 
single particle states are close together while the ld s/2 level may 
be expected to be higher. These exceptions may be substantiated 
in the spectrum of 0 l ® shown in Fig. 2.3. The ld, /2 level is 
likely to be higher as is evident in the experimental spectrum 
0” given in Figure 2.3. The odd parity levels as low as 3 MeV 
which may be observed therein are caused by either the excita¬ 
tion of the core or lifting up the last neutron to the highest 
state of the shell model. In this context it may be mentioned 
that the calculations of normal parity states for A= 18, 19 etc. 
cannot be disturbed by these particular simple particle levels 
inasmuch as the states of opposite parity cannot mix. Never¬ 
theless for energies of some levels the calculated results may 
turn out to be slightly erroneous by ignoring the probable 
reasonably low states of two particle excitation and normal 
parity so that a certain measure of uncertainty may prevail in 
the calculation of (Is, 2s) - shell due to a number of parameters 
as much as ten which include the eight radial integrals, I.s 
constant g and the splitting between the single particle d-and 
s-levels. In the case of the choice of special particle force. 
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the particles are not all independent. The experimental results 
for A=17, 18, 19 involve matching a considerable number of 
levels. Hence the good agreement is not indicative of the 
validity of the model. The calculated value 1 for A = 18, 19 - 
shown in Figs. 2.4 and 2.5 indicate the dependence on one 
parameter, the strength of the central potential with other 
parameters fixed. Further the relative position of the T=0 
and T=1 levels is sensitive to the exchange character of the. 
force. 



Figure 2.4 
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Figure 2.5 


The results for A= 19 represent in the case of F 1 ' the very 
low state of opposite parity at 112 keV. The results are fairly 
impressive even though obtained from the model formulated on a 
theoretical basis with a certain measure of uncertainty (Fig. 2.6). 
The results dealt with so far with a consideration of the data 11 of 
the percentage analysis into jj coupled configurations of the 
wave functions for A 19 emphasize the importance of the shell 
model coupling states by indicating how the wave functions of 
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a number of single states of the nuclei with A = 19 are constitut¬ 
ed as linear combinations of basic pure jj configurations while- 



Figure 2.6 

0 

others including the ground state, being quite complicated, ares 
different from the simple one particle shell model repre¬ 
sentation. 
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L-S coupled states formed from a p-shell 


K 

L 

(2T+1, 2S+1) 

[XI 

0 

0 

(11) 

[0] 

1 

1 

(22) 

[1] 

2 

0,2 

(13) (31) 

[2] 


1 

(11) (33) 

[11] 

3 

1,3 

(22) 

[3] 


1,2 

(22) (24) (42) 

[21] 


0 

(22) (44) 

[Hi]; 

4 

0, 2,4 

(ID 

[4] 


1, 2, 3 

(13) (31) (33) 

[31] 


0,2 

(11) (15) (51) (33) 

[22] 


1 

(13) (31) (33) (35) (53) 

[211]' 

5 

1, 2, 3, 4 

(22) 

[41] 


1, 2, 3 

(22) (24) (42) 

[32] 


0, 2 

(22) (24) (42) (44) 

[311}. 


* 

(22) (24) (42) (26) (62) (44) 

[221].. 

6 

0, 2, 3, 4 

(13) (31) 

[42] 


1,3 

(11) (33) 

[4111 


1, 3 

(11) (33) 

[33] 


1,2 

(13) (31) (33)2 ( i5) (5i) (35) (53) 

[3211 


0 

(13) (31) (35) (53) (17) (71) 

[222]- 
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Tablb 2,2 

j-j coupled states for P 3/2 and P 1/2 shells 


K 

J 

2T+ 1 

(s, t) 

0 

0 

P 8/2 shell 

1 

( 0 , 0 ) 

1 

3/2 

2 

( 1 , 1 / 2 ) 

4m 

1,3 

1 

( 2 , 0 ) 


0 

3 

( 0 , 0 ) 


2 

3 

( 2 , 1 ) 

3 

3/2 

2 

( 1 , 1 / 2 ) 


1/2, 5/2, 7/2 

2 

(3,1/2) 


3/2 

4 

(U/2) 

4 

0 

1 

( 0 , 0 ) 


2 

1 

( 2 , 1 ) 


2,4 

1 

(4,0) 


1,3 

3 

( 2 , 0 ) 


2 

3 

( 2 , 1 ) 


0 

5 

( 0 , 0 ) 

« 

0 

Pi ;2 shell' 

1 

( 0 , 0 ) 

1 

1/2 

2 

( 1 , 1 / 2 ) 

.2 

1 

1 

( 2 , 0 ) 


0 

3 

( 0 , 0 ) 


Table 2.3 


J 

F 0 

f 2 

F* 

3/2 


aT5/7 

- a/ 5/7 

5/2 

1/3 a/T 

—1/3 V3/3 

- V 172 

9/2 


a/I/H 

a/iTJR 
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Part Three 


Collective Modes of Nuclear 
Motion and the Unified Model 


3+1 Introduction 

The individual and independent particle models already 
dealt with in the earlier parts (I and II), consider the motion 
of individual nucleons in an isotropic average nuclear field 
produced by other nucleons in the nucleus. These are in many 
respects akin to the model of atomic structure which accounts 
for the variation of specific properties of the atoms of the 
individual elements. The model of atomic structure, however,, 
differs from that of the nucleus in that, in the former, the 
atomic Ibid is governed by the electrical attraction of the heavy 
nucleus to the extranuciear electrons of the atom. It is well 
known that central nucleus in the atom is of the order of 1845 
timss as heavy as an electron. Hence the atomic field can be 
treated as static. The attractive potential in the nuclear case 
is produced by the nucleons many of which move in orbits, 
deviating markedly from spherical symmetry. In many nuclei 
a spherical overall distribution in nuclear matter may be given 
rise to by the existing combinations of nuclear orbits whereas, 
in several others, the overall distribution, however, may be 
expected to deviate considerably from spherical symmetry. I» 
this case the average field experienced by an individual! nucleon 
will not be correctly given by an isotropic average nuclear 
potential. Moreover, the cooperative motions of many nucleons, 
may result in the collective oscillations of the nucleus as a 
whole about some equilibrium shape. These collective oscilla - 
tions may be expected to play an important role in the low 
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energy spectroscopy. A realization of the importance of the 
collective motion in the theory of the nucleus led to the 
development of the strong interaction or the liquid drop 
modeK 1 * 2 ) which was found useful to interpret successfully 
many features of fission reactions. 

The single particle or shell model and the strong interaction 
or the liquid drop model have distinct approaches to explain 
nuclear structure both covering the region of certain types of 
nuclear phenomena quite well of course with distinct limits of 
areas of their applicability. It was recognised that there was a 
necessity for the development of a model which involves the 
retention of the distinct features of both these approaches. 
With this object in view, a model was then evolved which 
describes the nucleus as shell structure with an addition of a 

f 

static isotropic nuclear field. In this field, the motion of 
nucleons was substituted by a nuclear potential which allows 
for variation in the nuclear field resulting from the oscillations 
in the shape and changes spacial orientation of the nucleus. 
The particle motion and the nuclear oscillations in turn are 
mutually affecting each other. It is required to compute the 
interaction of these two intrinsically different types of motion 
and to determine their effects on the nuclear characteristics 
such as spin, parity, quadrupole and magnetic moments etc. 
This nuclear model referred as unified nuclear model which 
when employed exclusively for the description of spheroidal 
nuclei, exhibiting characteristic rotational spectra is termed 
as “rotational model” and when only collective motions 
involving the nucleus as a whole are taken into account, it is 
termed as collective model. 

The importance of the interaction of the individual 
particle and collective motion phases of the nucleus were under¬ 
stood. As a result of a study of the quadrupole moments, it 
was found that the particle structure was capable of deforming 
nuclear surfaced. Then theoretical investigations of a unified 
model of the nucleus were madeW and those of the interactions 
of intrinsic and collective motions of the nucleus were carried 
out< 5 » 6 >. Further developments were made in this direction^) 
and remarkable success of the unified mode in predicting the 
nuclear characteristics could be achieved. 
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The shell model as a measure of approximation ignores 
those nucleonic interactions which are not comprised in 
the average field. The liquid drop model for the nucleus 
implied that the nucleus was of amorphous structure. If it 
were so, the nucleus would be expected to have its lowest energy 
for a spherical shape. The individual nucleons, however, have 
properties characteristic to the shell model thereby implying 
that the nuclear . shape systematically tends to distortion, the 
basic mechanism for which being in the effect of the capability 
of nuclear structure deforming nuclear surface. Hence a single 
nucleon moving within a nucleus exerts a centrifugal pressure 
against the walls of the nucleus in its orbital plane tending to 
produce an oblate deformation in the nuclear surface. In a 
necleus with a closed shell configuration, the deforming effects 
of many nucleons cancel out inasmuch as the orbitals are 
equally oriented in all directions. The nucleus tends to adjust 
its surface to coincide with the density distribution of the 
particles which are not in filled shells. If there be no opposing 
force, the centrifugal pressure results in a necleus with a space 
distribution equivalent to the necleons in the unfilled shells. 
The effects of polarizing the closed shell core strongly prefering 
spherical symmetry and the pairing forces of the extra nucleons 
operate in the opposite direction. These effects, however, over¬ 
balance the distorting effect of the last odd nucleon and the 
shape of nuclear equilibrium remains spherical in the case of a 
nucleus with only a few nucleons beyond the closed shell. 
Then a decrease in the energy involved in collective vibrations 
about the spheroidal equilibrium shape is evident since the 
nucleus becomes less resistant. An addition of many particles 
outside the closed shell induces instability of the spherical 
shape resulting in the assumption of the nucleus with a spheroi¬ 
dal equilibrium shape. In this case, the collective motions of 
the nucleus will be rotational and vibrational. 

4 

These mentioned effects may be computed by replacing the 
symmetrical binding potential of the simple shell model with 
an. anisotropic binding potential. Some single particle wave 
functions for a specific choice of an anisotropic potential has 
been deduced®. There remain yet the pairing forces between 
the nucleons outside the closed shelly tending .to CQuple.tw© 
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equivalent nucleons to a state of zero angular momentum. 
Thus the tendency of the * individual nucleons to deform the 
nuclear shape counteracted. The foregone discussion of the 
topic has as its basis the treatment of the nucleus as a core 
plus extracore nucleons. 


This situation can be clarified by considering that the 
energy is separated into terms depending as well as those not 
depending on the collective variables, the other variables being 
called intrinsic. The collective degrees of freedom are import¬ 
ant for low energy properties with the necessary preservation 
of the nuclear volume. The nuclear surface, then may be ex¬ 
pressed in spherical harmonies as 




=R 0 


1+ S ^ (e£) 

M A A 


] " 


(3.1) 


R 0 being the equilibrium radius and Y'T the normalized sphe- 

/V 


rical harmonic of order J\fL. If the constants 



be assumed to 


be small and the frequencies of single particle excitations to be 
much greater than those involved in the collective motions, the 
total wave function can be separated into a part describing the 
particle motion and a part depicting the collective motion. 
From the above mentioned considerations, the Hamiltonian 
may be expressed approximately as 


Hcollective = V n (o^)+T n (o^) ... (3.2) 

where V n (*0 represents the potential energy of the nucleus as 
a function of the shape defined by the coefficients the sub¬ 
script n refers to the group of quantum numbers specifying the 

motions of all the particles in a nucleus with shape defined by 

• 

the^n and the second term T n («£) is the kinetic energy involved 
in small oscillations of the nuclear shape, (*£) being the time 
derivative of 

The predominent term is quadratic in the ^ and the normal 
modes of operation are of oscillator type. The potential energy 
function V n (o^) is an important basic factor of the model and 
its variation with nuclear shape is determined by the number of 
particles outside the closed shell the specific orbitals which they 
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fill as well as the residual nucleon-nucleon interaction of these 
nucleons. The potential energy function V n (*0 varies and it 
increases for nuclei away from the closed shell configuration. 
In the case of a nucleus at a closed shell the interparticle forces 
of the core nucleons result in a strong preference for a spheri¬ 
cal symmetry, the shape changes are firmly resisted and the 
potential energy rises steeply as a function of small deforma¬ 
tions with addition of a few additional particles the nucleus is 
tended to be polarized by these particles thereby causing defor¬ 
mations from the spherical shape energetically more favoura¬ 
ble. 


As already mentioned the resistance of the closed shell 
core to polarization and the pairing forces between the extra¬ 
core nucleons, however, restrain the nucleus to a spherical 
ground state, the main effect of the polarizing tendency being 
the reduction of the regidity toward the shape changes. 

With a further addition of more particles beyond the 
closed shell configuration, the coherent effects of many parti¬ 
cles result in a stabilized deformation of the nucleus in which 
exists a minimum potential energy for a non-spherical shape- 
The loose particle motion in unfilled shells is strongly coupled 
to the nuclear surface. A non-spherical stabilized shape can 
be achieved if the changes in shape associated with zero-point 
vibrations are small compared to the equilibrium deformation. 
In the case of nuclei of non-spherical type, the collective vibra¬ 
tions are inclusive of both vibrational oscillations and changes 
in orientation bringing a sort of change in shape which amounts 
to rotational excitation. Heavy nuclei with mass numbers 
greater than 225 are non-spherical in ground state. There is a 
substantial gain in binding energy due to deformation from the 
spherical shape, being of the order of 20 MeV in most strongly 
deformed nuclei of the rare earth region of elements* 9 *. 

From a survey of the introductory remarks already given 
on the collective modes of motion and the unified model it can 
be seen that the former as a measure of simplicity, separates 
the nucleus into a core and extracore nucleus, the former being 
viewed as a deformable drops of nuclear “liquid 9 * in interaction 
with a few extra nucleons in an unfilled shell. The latter oae 
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is an extended form of shell model, the shell model potential 
being assumed non-spherical and the energies in non-spherical 
potential are calculated. The distortion yielding minimum 
potential is considered as the actual distortion. A study of 
nuclear model involves the necessity of understanding the same in 
terms of the essentially fundamental reactions by replacing the 
long range correlations by a potential assumed permanently 
distorted. 


3*2 Classical Theory of Collective Modes of Motion 

Consider a nucleus the modes of motion of which are 
assumed as those of an incompressible liquid, the type of its 
rotation being general rather than irrotational fluid flow in 
which each elementary volume is not rotating about an axis 
moving with its own center so that the orientations of its sides 
in space are unaltered thereby resulting in vibrational excita¬ 
tion modes. In such a case, let the angular moments be fi 
and the corresponding vibrational co-ordinates be the 

latter being complicated functions of nucleonic co-ordinates, 
moment and spin variables. Then the surface of the model of 
general shape of nucleus may in general be written as 


R=Rq 


1 + 


2 2 
\ = 0 fL=~\ 




(3.3) 


-where R 0 is the equilibrium radius, 6 and <f> indicate polar angles 
with respect to arbitrary axis and defines the nuclear surface. 
The collective motions may be expressed by letting V vary 

\r 

in time. The vibrational excitation modes may be characterised 
by the angular momentum quantum numbers and the 
corresponding vibrational co-ordinates the latter being 

-complicated functions of nucleonic co-ordinates momenta and 
spin variables. In the case of oscillations with sufficiently small 
amplitudes the motion is harmonic and may be described by the 
Hamiltonian of the form: 


H,ib = S lift. \*t\ 
\fi x 'V 


i s + ic x i^ x/t ,i»i 


«.« 


(3.4) 
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Each mode \, as mentioned, is characterised by mass and 
restoring parameters /J, and C, , the frequency of the modle 

being ' 

o).=f C XV ... (3.5) 

» 

The kinetic energy T in quadratic approximation may be 
written as 

T=| 3 - (3-6) 


In the case of irrotational flow of constant density, the classi 
cal considerations show that 


|3\ = 


P R 0 8 


(3.7) 


X X 

P being density. The potential energy V can be expressed as 

v -*s e I* ..: (3;8> 

\fl A* A./* 


* , t ) 


In the expressions (3.4) and (3.6), and respectively 

* i i « 

are the mass and restoring force characteristics of each mode 
of The restoring characteristic for classical liquid 
under surface tension S may be written as 


C x <b = SR 0 * (X—1) (\+2) 
With the value of C x < 2 > given as 

C-.C2) == _1 2>e ‘ X—1 
A 2w R 0 2\+l 



... (3.10) 


These estimates of C> can be quite useful provided the 

approximate values for R 0 and S obtained from semiempirical 
mass formula are employed. The restoring parameters will have 
a systematic A, Z dependence and discrepancies arising out of 
Nuclear Shell Structure can be expected. The value of j3v deri¬ 
ved from the expression (3.7) will not be better than an order 
(of magnitude' estimate measure inasmuch as the correct value 
sensitively depends on the nature of flow and the supposition 
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that the nuclear flow is irrotational does not seem to have any 
valid reason. 


Collective motions are generally associated with strong: 
electric multipole moments M (E\, /t) which could be expanded 1 
in terms of collective co-ordinates. If only the leading term of:' 
the expansion is maintained, the M (E\, become propor¬ 
tional to the y , the constant of proportionality depending. 

Kr* 

on the normalization chosen for ^ . The normalization can- 

be fixed with reference to the surface oscillations of the liquid 
drop. The coordinates can then be defined by 

R(0,40= R 0 [1+ s,* x/t Y* x/t (e£)+0(a*)] ... (3-11}) 




Where R 0 is equilibrium radius. The corresponding electric: 
multipole moment M, in the case of a uniformly charged drop' 
can be expressed as 


M ( £ X. «— R o - (3--12) 

and in the general case of normalization, the transition proba¬ 
bility between the first vibrational state and the ground state 
can be obtained as 


B(EX; n x ,l-. n «o)=(- 4 3 -Z.R. A ) 2 -i— 

' , '2(B\C\)* , 

... (3.13)i 

The vibrational excitations given by (3.4) and (3.12) are 
characterized by the selection rule given by 

• An A " ± 1 - ( 314 > 

and by the’ intensity rule 

2 t B(EA; n Aj ^-.n^-1,1,) ... (3'.15>. 

. =n A B(EA; n A =l-n A = 0 ) 

the sum being carried overall stated with n_ — I phonons, a. 

certain I f value, resulting in the occurrence more than once. The 
B (E2; 2 / +-*-2 + ) / B (E2; 2 H—► o +) = 2is obtained for the 
second 2 + states in the quadrupole bands- 
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In the approximations the magnetic dipole operator is pro¬ 
portional to the angular momentum, the spin alignment being 
assumed to exist with this collective mode. Hence, /t=g I, 

the collective g-factor being the same for all branch members 
of a vibrational mode. Moreover, Ml transitions vanish to the 
•extent of the same approximation. 

An experimental evidence on the 2* states in quadrupole 
^vibrational bands confirm a vibrational interpretation of the 
states involved. A remarkable. interesting feature of the 
evidence is that the cross-over transition from the second 2* to 
the ground state is found to be strongly forbidden in confir- 
rnity with the selection rule (3.14). Also the Ml components 
of the 2'+-I-2+ gamma rays are, as expected, found to be 
weak. The ratios of E 2 transition probabilities do not con¬ 
firm the predictions of the harmonic approximation in which a 
triplet of quadrupole vibrational states with I = 0 +, 2 -f- and 
•4 + at an energy approximately twice that o f the first 2 -f 
■state. Such triplet spectra have been found in a number of 
cases among the spectra which could be investigated. The 
results of carefully studied spectra indicate that in some cases 
•one or two of the triplet are missing in the concerned energy 
region. 

The observed deviation in transition probabilities and 
energies from the expectations of the single harmonic oscillator 
description may be accounted by considering the effects of 
anharmonic terms* 10 * to in the vibrational Hamiltonian. The 
■weakness of a nj = 2 transition may indicate the existence of 

rooms for anharmonic terms with odd powers of and 

Ab analysis on these lines, however, is beset with 

difficulties inasmuch as it involves the necessity of an inclu¬ 
sion of a large number of anharmonic terms in (3.4) without 
yielding satisfactory improvements in the description. 

The magnitudes of the mass parameter /3, and the restor¬ 
ing parameter CU are expected to fluctuate in many regions 

•due to shell effects. The general trends averaged over the shell 
structure can be obtained by employing the principles under¬ 
lying the liquid drop model. If the liquid drop be uniquely 
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charged, the modes with lowest frequency without variation in 
•density and with preservation of neutron-proton ratio through¬ 
out the nucleus (T = 0), the restoring force C, will be as 

•expressed by 

c x = (X - !) (\ + 2 ) R| S - 2 ^ 2 X + 1 R 0 
with 4 w R 2 S si 20 MeV. ... (3.16) 

O 

Where the first term represents the surface energy while the 
latter the Coulomb energy. The magnitude of jS^ depends 

on the assumed characteristics of the mass flow. If the motion 
be irrotational, the mass parameter will be expressed as 

- T 4^ AMR ° ••• (3 - 17) 

the product AM being the mass of the nucleus. The frequency 
h o) of the surface mode can be derived from the expressions 
(3.16) and (3.17) through the relation (3.5). 

'*8+3 The Energy Weighted Sum Rule and the Strength of 
Vibrational Excitations 

Approximate estimations of the strengths of the collective 
excitation are made possible by the single particle estimate 
•of electromagnetic matrix elements even though it is model 
•dependent. The nuclear transition strengths may in general be 
-characterized by taking into account the consideration that the 
size of the radiative matrix elements is subjected to the limita¬ 
tion of the sum rules* 12 * 13 >. Of the various sums, the energy 
of the weighted sum Si B (E\) (E f — Ej) is the most successful 
inasmuch • as the corresponding theoretical unit is essentially 
dependent on the distribution of nuclear charge in the ground 
state which is known from the data of electron scattering. 
The theoretical units of other sum rules are strongly model 
dependent owing to the fact that they depend on the nucleonic 
correlations in the ground state. 

If the effects of exchange interaction and only the sums 
«everexcitations, far below the meson threshold are considered, 
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the energy weighted sum rule is obtained as 

S X s /B (®X > i “*•/) (Ei~E|) 

_ \(2\-f-l) 4 he* h 4 „ 2\-2^ ... (3.18> 

4 H "2M <r > 

t 

where S. includes both T = 1 and T—0 terms, the latter type- 

being of the lowest vibrational excitations. If there be no- 
interference between T=0 andT=l excitations, the sum rule, 
which corresponds to the sum rule rate for X>1> is obtained as 

s. T ft _ X(2\+l) 4 h 4 Z* *\-K - (3.19> 

a X,T«0- 3^r“2MA e<r > 

From the available evidence on the strengths of the low lying 
2+ vibrational states, only one such vibrational excitation in 
even spherical nuclei could be observed with a strength of the 
1 3 

order of ^ of the total E2 sum rate for T=0 oscillation.. 

Hence the additional T=0 states with appreciable oscillator 
strengths are likely to occur in even-even nuclei at a much 
higher-excitation .energies. At present no. such direct proof for 
the existence of such states is available except for the enhanced 
E2 states indirectly observed in one particle systems. 

I 

The evidence on the 3-states is incomplete?. Moreover the 
accuracy of B (E3) determinations is poorer than for quadru- 
pole states. The total oscillator strengths found in the lowest 
T—0 modes is of the order of 1/10— 1 /50th of the sum rule 
limit. The results of observations of the strength for E3 exci¬ 
tations have been found to involve .larger fituctuations than 
those of the observations of the strengths for E2 excitations. 
However, in those cases, where the oscillator energy of l/10th 
the sum rule limit is found to be exhausted, the E3 strength i& 
likely to be shared by more low lying states of which the lowest 
has so far been experimentally observed. 

* i - , i 

3.4 Vibrations in Odd Mass Nuclear Systems 

If interactions are viewed ia the harmonic approximation 
interactions between either the different vibrational quanta or 
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’between quanta and quasi-particles do not appear to exist. Then 
•motion of the particles in an odd mass nucleus is unaffected by 
the oscillatory field set-up by the vibrations. The resulting 
-spectrum will be comprising the intrinsic excitations which 
.amount to the quasi-particle states as well as the series of 
vibrational spectra associated ‘with the intrinsic state. The 
•coupling of the particle state of angular momentum J and the 
vibrational state of angular momentum R, gives rise to a 


nearly degenerate multiplet 
I=R- + J, R x + J — 1 ...j R 


with states of angular momenta 
. — JI amounting to a total of 


2J + 1 or 2Rv + 1 states. The energy of the multiplet relative 

to intrinsic state is approximately equal to the corresponding 
iphonon energy in the neighbouring even-even nuclei. The 
reduced transition probability for excitation of a single 
■quantum may be written as 


B(E\; J , - + [n x = l > J] I) 


21+1 

(2\+l)(2J'+l) 


B (E\; n 


0-*n =1) ... (3.20) 

A. 


Then the summing over all states I gives 

2 B(E\; Mn. =1, J ] I) = B (EX ; n . =0-nv =1) 

I A A A ... (3.21) 

'This theoretical presentation is nearly valid in the case of a 
'weak coupling. Some odd mass nuclear systems are found to 
:show strong splitting while at the same time retains several 
■characteristics of weak coupling. In these nuclear systems 
■there are cases which show strong coupling between the motion 
of the particles and the oscillatory field as well as important 
interactions between the elementary vibrational excitations, 
in these odd mass nuclear systems the low-lying states are 
strongly mixed quasi-particle and vibrational excitations, each 
state containing more than one vibrational component. It 
may be mentioned that a systematic interpretation of the great 
variety of experimentally obtained spectra of fhe strong 
coupling systems of odd mass nuclei is pot at present 
possibly.. .... 
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The quadrupole strength available in a coupled system may 
be viewed as one being shared between the individual excita¬ 
tions so that the approximate sum rule< 14 > may be expected to 
hold in such situations. Hence, 


2B (E2; I 0 I f ) > B (E2; 0 2) ...(?.22> 

f 

where the summed quadrupole strength in the odd-mass nuclear- 
system is compared with the quadrupole strength in the neigh¬ 
bouring even-even nuclear systems. Moreover, it is required 
to take the sum between reasonably low energy transitions of 
even-even nuclear system as well as to include diagonal element 
from the ground state contribution. So 


B(E2;I 0 


I \ _ $ e2 Q8 (Iq+1) (2Iq+3) 

lf) 16 * g lo(21 0 -l) 9 


...(3.23) 


Q being the static quadrupole moment of the ground state. The 
importance of the expression (3.23) may be expected to be 
becoming more conspicuous with the increasing coupling 
strength. 


The evidence from the Coulomb excitation experiments on* 
nuclei through the range of periodic system indicates that the: 
value of 

In many of the experimentally investigated cases there may be 
strong quadrupole excitations that remain undetected. 


3*5 Nuclear Systems Involving Stable Quadrupole Deform 
mations 

The stable deformed nuclei of odd-mass type yield not only' 
low* lying rotational bands with regular level spacing but also- 
give rise to large quadrupole moments as well as isotopic- 
shifts. At low energies ^ 1 MeV occur several bands of rota¬ 
tional spectra, each band based on a particular intrinsic* 
configuration. This characteristic justified the validity of 
the adiabatic separation of the nuclear wave functions into the? 
product of D-function describing the rotation of the system as* 
a whole and an intrinsic wave function X- This procedure was 
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originally introduced by Bohr and Mottleson^ 15 * and the 
assumption that the nucleus has nearly rotational symmetry is 
found consistent with the type of rotational spectra encountered. 
Then the angular momentum component k along the nuclear 
symmetry axis is a constant of the motion. The Xk intrinsic**- 
state is two fold degenerate with k= =±= | k | . It may be noted 
that many properties can be derived without further specifica¬ 
tion of the intrinsic state from only the adiabaticity and the 
symmetricities associated with the problem. 

The rotational wave function can be described in terms of 
the rotation matrix Z> T MM'(0e) as (16 * 17) 

i m) s = 5 (0e) i u) s ...(3.24) 

M' 

where ^im is the angular momentum wave function expressed 
in the laboratory system S, the component M being on the Z 
axis of the system. The function (^im')s' refers to the- 
system S', momentarily coincident with the nuclear coordinate* 
system with M' being the component of I in this system. Let 
the latter system be donated by 1, 2, 3 and the Eulerian angles* 
defining the orientation of S' with respect to S be 0 e or <£, 0 and. 
•£. Then the adiabatic wave function may be written as 

JL 

-^-(Xk^Mk + RiR©’ 1 Xk^ I Mk) ...(3.25) 4 

where the second term in the bracket corresponds to an added 
symmetrization part to account for the reflection symmetry. 
The operator Ri occurring in the added term represents a rota¬ 
tion of nuclear matter through 180° about the 2-axis. In this 
way Ri operate on Xk and Re" 1 an external rotation of the 1 
whole nuclear system, matter + axis system by 180° in the other 
direction. It may be pointed that this operation is carried by 
R -1 operating on Z^Mk- The RiR e -1 has the effect of flipping: 
the intrinsic 3-axis, the direction of which is undetermined 
corresponding to the reflection symmetry. The Ri and R e "* 
operators have the properties 

...(3.26)) 
...(3.27> 


VWMk-(“) I + ^M.k 

Ri X k = X - k 



(64 


Nuclear Models 


'This definition of X-i has been shown to be consistent with 
the single particle wave function by the relation by 

X- k = T xk ...(3.28) 

l 

'where T is the time reflection operator. However the above 
definition X-k requires some modification to be made. 
A procedure which follows the definitions of Bohr and Mottel- 
•son yields a modification given by 

Ri Xo = f Xo ('i — ± 1) ...(3.29) 

t 

The intrinsic wave function Xk which is associated with 
•definite parity ir may be defined with respect to intrinsic co¬ 
ordinate system S'. In the case of K = 0 occur two different 
(types of rotational bands, one corresponding to = + 1 and 

I = 0, 2, 4. and the other to 'f = — 1 and 1 = 1,3, 5. 

The ground state band of even-even nucleus is always characte¬ 
rized by K = 0, 1 = 1 and consequently I = 0, 2, 4 resulting 
from the fact that the ground state band of even-even nucleus 
•occupies the orbits in pairs causing the same antisymmetrized. 
The effect of Ri on such a system is given as' 

t 

* R, [*n< , >X-o( 2 >- x o< 2 )x_ 0 (i) ]=*• 

...(3.30) 

In the case of K = 0 bands of odd-odd nuclei the situation 
’which is different will be described at a latter stage. 


-3+6. Rotational spectra and perturbations together with 
their diagonal terms 

The coupling between intrinsic motion and rotation has 
.an effect which could be studied and interpreted in terms of 
rotar model. Let the angular momentum of this rotar be 
& R and let this rotar represent the core of the nucleus which 
is coupled to the angular momentum h j of a single particle 
.to form a total h I. The odd particle moves in the field 
generated by the rotar. If the field be independent of the 
.angular velocity of the rotar, the total Hamiltonian may be 
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expressed as 


h* R* 

H = Hfatr + 2 2 J 


.(3.31) 


If the rotor be symmetric around its 3-axis or if there be 
an axis of symmetry, the moment of inertia for collective 
rotation about this axis vanishes which amounts to saying 
that if = 0 or J 9 = 0. The moments about the other axes 
are equal so that $ x = & = & The rotational symmetry of 
the rotor also leads to R 8 . No rotation around the symmetry 
axis can be defined quantum mechanically. Hence R = 0 
which amounts to the situation as the rotor becomes cylindri¬ 
cal ly symmetric <^-*■(). Consequently an excitation of this 
component of rotation is associated with a very large energy. 
A substitution of (I-j) for R and an incorporation of 
V (j* - j a 8 ) / 2 S into H intr . leads to 

i 

h = H'i„ tr + (P-P.) - Y2 (I + j - +1 - i+) 

...(3.32) 

where I . = I L ± i I 2 and 


J ± = Ji ■*= 1 J2 

The expression (3.25) can be seen to be an approximate 
Eigen function of the Hamiltonian of (3.32) provided that 
the last term can be treated small. The sum of the intrinsic 
energy E k and a rotational energy term proportional to 
I (I + 1) is its energy. The coupling scheme corresponding 
this situation may be illustrated as shown in Fig. 3.1. 
It may be noted that the total angular momentum I has 
the component M along the fixed axis z and the compo- 
inent K along the nuclear symmetry axis 3. The collective 
rotational angular momentum R is at right angles to tiie 

■symmetry axis. ; 

» 

The perturbation neglected in (3.32) corresponds to 
the well-known Coriolis interaction energy which in its 
lowest order gives rise to couplings between different 
rotational bands with A K = 1." Tn the “case of K = i, 

the two parts of the total wave function (3.25) may respec¬ 
tively ,be coupled with K = £ and K as — J owing also to 
its possession of the.a diagonal .elements., explaining thereby 
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that K = | bands strikingly deviate from the simple 
affective I (I + 1) spacing so well-obeyed by other bands 
as can be seen from Fig. 3.2. > 

The coupling effects may be expressed in general terms as 
the sum of intrinsic energy and rotational energy which is 
expressed as the total energy. The rotational energy should 
be a small quantity inasmuch as the rotational motion is 
slow. The additional energy resulting from rotation may be 
expanded as a power series in the total angular momentum. 
The construction of the terms of the involved expansion is 
based on the conditions that the total Hamiltonian is invariant 
with respect to time reflection and rotations ibout the 3-axis 
and also is Hermitian giving rise to the three terms as expressed 
by (3.33), (3.34), (3.35) and (3.36) of which the first is given as 

H a) = h 0 (q) a* + V) ...(3.33) 

rot 

ho (q) being operative on the intrinsic wave function without 
change of the angular momentum K and I 2 and I2 on the D. 
function. There will be the occurrence of similar terms pro¬ 
portional to K* which however, are constants of motion, being 
the same for all members of the band could usually be left out 
of discussion. 


Moreover, the diagonal matrix elements h 0 (q) can have an 
expression which may be considered capable of defining the 
moment of inertia is given as 


<K | h 0 I K> = <-K I h 0 | -K> s h 2 /2J 
the other terms, terms of low order in I being 

...(3.34) 

<2) 


H ro t = h+i I_+h_x 1+ 

...(3.35) 

and 


O) 0 ~ 

H ro * - h +2 li+h_ 2 1 1 

...(3.36) 

which give rise to couplings between intrinsic and 

rotational 


motion. They possess diagonal matrix elements with respect 
to the wave function (3.25) only if K=$ and k=l respec¬ 
tively. IfK=l, the intrinsic parameters a and b in terms 
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Figure 3.2 

•The Energy spectrum of Yb w * has been studied from 
, j . the# Electron Capture of Lu m 
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of the matrix elements h ±1 and h ±2 may be defined as 

<K=i 1 h + i | K=-J> « <K=— \ | h_ x | K=J> ...(3.37) 

3 (h 2 /2J ) a 
and 

<K=1 1 h + 2 | K=—1> = <K=—1 | h_2 | K=l> 

s(h 2 /2J)b — (3.38) 

Hence, the part of the rotational energy that is diagonal with 
respect to the wave function (3.26) may be expressed as 

[i(I+1)+Sk, i/ 2 a(—) I+ ^(H-i)»K» i 
2 o L 

b(-) I+1 1(1+1) 1 ...(3.39) 

The matrix elements on the basis of simple rotor model may be 
written as 

h^j = -(h a /2J)j ± f 


The intrinsic parameter <* in the rotor model is defined as the 
decoupling factor given by 

d = - <K=! I j + I K——... (3.40) 

forming the measure of the extent of decoupling of the intrin- 
sic spin from the collective rotation so that an addition of sx/ 2 
particle to a rotor yields a=l. Consequently the expression 
(3.39) gives a spectrum with the energy levels, I=i> (2=*=$), 

(4± J), (6±£).with energy spacing same as that of an 1=0, 

2 ,4, 6.band. Therefore the odd-particle does not at all 

seem to contribute to the rotational energy • of the system 
thereby being completely decoupled. A comparison of the 
experimental and theoretical values of the decoupling factor 
corresponding to various configurations and the fact that h^ 

is zero show that this contribution to be small. H< 3) rot may be 
considered to be representing some of the higher order effects 
H( 2 > r0 * or Coriolis term. It is at present not possible to ascer¬ 
tain how much of the empirical energy correction term of the 
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type displayed by the last term in (3.39) is due to the diago¬ 
nal effects of H( 3) r<> t and how much to second order effects of 
HWW 

It may be mentioned that many rotational bands of both 
even-even and odd-A nuclei are found to follow the law 
expressed by (3.39) with remarkable accuracy. The energy 
ratios of ground state bands of even-even nuclei have been 
found to have systematic deviations which could be explained 
in terms of the rotational perturbation terms. The rotational 
bands of even-even nuclei are observed to extend upto 1=6, 
12 and 12 in the regions I, II and III respectively. The collective 
rotations are constructed from the available single-particle 
orbitals of given intrinsic spins under the restrictions of the 
Pauli principle. Hence only limited values of I can occur for 
excitation energies that are low compared with 2 h <o osc. 
The limit in the regions II and III or I is almost of a magni¬ 
tude above the highest I so far known. The limit on I, how¬ 
ever, is expected to be much lower on account of a possible 
sudden break down of the nuclear superfludity at a critical rota¬ 
tional frequency corresponding to I-values of the order of or 
slightly higher than those so far observed^ 8 ). The states with 
I-values higher than I orIt are associated with another intrinsic 
structure as well as nearly rigid moment of inertia. The E2 
transition probability connecting the band members with 
I > lorit with members having I<I cri t will sustain a reduction 
by a factor which could be of the order of 10-100, thereby 
could be expected to be reduced down to single particle value. 


3.7 The Separability of the Nuclear Wave Function 

In the adiabitic limit the nuclear wave function could be 
separated into a product of one intrinsic and one rotation 
factor. Such separability implies general relations of essentially 
geometric character for matrix elements when there is an involve¬ 
ment of the members of one and the same rotational band. The 
general procedure of the evaluation of transition matrix ele¬ 
ments consists of transforming any multiple operator J^(\, (h) 
defined in the laboratory system to the coordinate system 
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in the nucleus as 



(X, v) 


sym 


...(3.41) 


3H'( A. v) being the moment as observed from intrinsic coordi¬ 
nate system and symmetrization therein being implied is impor¬ 
tant only if 3t' contains operators that do not commute with 
D such as the collective part of the magnetic operators which 
is proportional to I. The reduced matrix element independent 
of 31 and of the orientation of the laboratory coordinate system 
an terms of symmetrized nuclear wave function can be written as 

<IfK f || 31 (A) II Ii Ki> = 

'(2 Ii + D* {< Ii Ki A (K,-^ | I, K, > 

<K f | 31' (A K f —Kj) | Kj> + ...(3.42) 

.( _ i)Ii + K i < I,(—KOAKj+Kf | I, K f > 

<K f | 3l'{\, Ki+K f ) | —Kj> j 

The relation between the reduced transition probability and the 
reduced matrix element may be expressed as 

B (X; Ii Ki-+I f K I ) = (2I 1 +l)-i<I f K f ||(\)||Ii K s >2 ...(3.43) 

If only one of the bands has K=-0 but not both then, only the 
first term for the reduced matrix element in (3.42) occurs with' 
a multiplication factor ^T" 

<I f K f || 3l{ A) || IiKi> = VT(2 I f +1)* <I i K,A(K,-K i ) | I t K f > 

<K f | 31' (A, K f —K s ) | Kj> ...(3.44) 

If A < | Kj—K f | , both the terms in (3.42) will be found to 
cease to exist, this cessation being known as K-forbiddenness. 
The degree of forbiddenness for and transitions in the 
deformed region in each case is empirically associated with a 
hindrance factor of 10—100. In the case thatA<Ki+K f , the last 
term occurring in (3.42) vanishes so that in the other cases 
that [ Kf—K f | <\< Ki+Kf, the branching from an arbitrary 
state to any two members of one rotational band is independent 
«of any intrinsic matrix element and depends only on a ratio of 
two Clebsch-Gordan coefficients* 19 ). The determination of 
K-value of excited states has been made possible by employing 
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* r • r 
I > 


the mentioned branching rules. The relation between the spe¬ 
ctroscopic quadrupole moment Q and the intrinsic quadrupole 
moment Q„ can be obtained by employing the relation given 
by (3.41) as 



3 K» — 1(1+1) 

(1 + 1) (21 + 3) ^ 


..(3.45) 


The values of Q and Q 0 are experimentally well-verified. 
However the values of the latter are at present found to be 
more accurate than those of the former. The intrinsic quadru¬ 
pole moment Q 0 is so related to the nuclear eccentricity para¬ 
meter s that the latter could be found by the relation given by 

Qo = $ Z <r>* 5 ...(3.46) 

Moreover, there is the case of charge distribution being every 
where the same between two arbitrarily closed equipotential 
surfaces. In such a case the eccentricity parameter i is related 
to the eccentricity coordinate £ defined for non-isotropic 
harmonic oscillator potential by an approximate relation 
given by 

!2 !t(l + iO ...(3.47) 

The nuclear eccentricity parameter £ as defined by (3.46) and 
(3.47) can be empirically determined from empirical Q 0 values. 
The distortion parameter £ versus the stable nuclei all through 
the rare earth region is plotted as shown in Fig. 3.3. 

The magnetic dipole operator contains some part propor¬ 
tional to I ± which represents the magnetic moment resulting 
from rotating nucleonic charges and containing the collective 
Gyromagnetic ratio g R . Hence, it is simpler than this Ml 
operator. A term containing I ± does not commute with the 
D-function and can be easily evaluated in the laboratory 
system. The (Ml, /t) expressed in terms of a simple model 
of a rotor with K = 0 coupled to an odd particle can be 
written as 

0 

+S { (gj — ga) l v + (g B — g R ) S y } D l j lv (0i) I 




Figure 3.3 

The Quadrupole Deformation Parameter £ from Empirical 
Values from Intrinsic Quadrupple Moments Q p 
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In this case the nuclear magnetic moment can be proportional 
■to the diagonal part of the zero component of the operator. 
The magnetic moment and the Ml transition within an odd A 
rotational band can be expressed in terms of the intrinsic 
parameters gic and b 0 . These parameters are entirely of single 
particle model in addition to the collective Gyromagnetic ratio 
.gR occurring in (3.48). The intrinsic parameter term b 0 , how- 
.ever, takes place only for K = f. Accordingly, 

K* 

P = gR I + (gK - gR) jTTj { 1 + 

+ 8 K,£ (2I + 1)( “ 1)I + * bo} -< 3 - 49 > 

i&nd 

B (Ml; Ij K It K) =» 

< Ii K 10 | I, K>* K*. (g K - g R )« 

( 1 + « Ki j b. ( - I)’> + * j ... (3 . 50) 

•where 

g K - K-i { Kg/ + (g s -g,) < K | S, | K> } ...(3.51) 

..and 

(gK - gR> b 0 = (g/ — g R ) <K = £ | j ^ | K = — £> 

+ (ga- g/) <K = i 1 s + I K = — £> ...(3.52) 

The g K and b 0 are magnetic quantities which may be expressed 
in terms of the single particle wave function® 0 ). I . occurring 
in (3.50) represents the larger of 1/ and I/. 

The angular correlation studies involving Ml and E2 
transitions show an additional quantity s K and the ratio of the 
.E2 to the Ml transition amplitude which are subject to 
.measurement. Moreover 

Sign s = Sign 8k Qo ' 8 * (1 + b 0 (-)*> + * $ K ...(3.53) 
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If the sign of the quadrupole moment Q 0 be known, the 
-measurement of /&, 8 (Ml) and s ascertains the magnetic quan¬ 
tities gK and g R uniquely for K ^ In the case K = J, the 
value of B (Ml) of an additional transition within the band or 
the magnetic moment of a rotational state is required to deter¬ 
mine the three magnetic quantities gK, gR and bo- If w be the 
•parity of the odd particle state, the relation between the matrix 
■elements of s + and S 3 may be expressed in terms of the single 
particle functions in the form given by 

<i\S + (-I > --*(* + <i|S 8 U >) -(3-54) 

rso that the relation between b 0 , a, gR and g K are given rise to 
which are independent of the detailed nuclear wave functions 
■as explained by Bohr and Mottelson as well as by Nilson- 
Consequently (3.52) may then be rewritten as 

(git ~ gR) bo — — (St — Sr) & ~ i w[g B 2 gi +gs] ...(3.55) 

Employing the empirical values of a., gR and gK along with the 
•affective values of gs, the expression (3.53) may be utilized for 
testing the single particle description. 

3.8 The Terms of Non-adiabatic Coupling 

The empirical data so far obtained, if analyzed in terms of 
laws theoretically derived, unequivocally reveal a remarkable 
agreement that gives an evidence on the validity of the simple 
axially symmetric coupling scheme enabling there by the esta¬ 
blishment of validity of the range of axially symmetric coupl¬ 
ing scheme. The rotation spectra are found to confirm the 
■expression for odd-A and odd-odd nuclei as well as for even- 
•even nuclei the expression given by (3.39) the number of 
illustrative cases for odd-A spectra being given in Fig. 3.2 
and Fig. 3.4 for deformed regions respectively. In the 
.case of odd-A and odd-odd nuclei of deformed regions II and 
III, moments of inertia are in general larger, varying much less 
smoothly with A than in the case of deformed regions of even- 
•even nuclei. There are a few cases in which occurs difference 
by a factor of approximately two indicating strong coupling 
effects resulting from the coupling terms of (3.35) and (3.36) 
(being neglected. Nevertheless the branching rules for tran¬ 
sitions of single particle strength, mainly Ml or of collective 
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•character E2 are obeyed quite well whereas in the case of 
^highly hindered transitions such as for, low energy El, the 

*rules, as expected, are often strongly violated. 

* 

Now it may be shown that a renormalization of some of 
the basic collective parameters as $, g R , etc , can be shown to 
•account some of the main effects of the rotational perturbation 
'•terms < 21 >. 


/3.9 Treatment to Lower Order of Coupling Terms with K=1 


There are terms H ro t, and M 8 rot , giving rise to coupling 
‘effects of which only the diagonal contributions in section 6 
have been considered. There in H rot has been proved to 
be very probably the larger term so that a further study 
'restricted to this case is undertaken as follows beginning 
•with a definition of 

, H^rot == h + 11 _ + h _ i I + 

'which in the rotor model being 


h 


+1 




'This term may be taken into account to first order in order to 
■receive the K = 0 ground state band accepting the component 
<of-admixture of the form, 

|I, K = 0> = |I, K = 0> o — 

Si I (1+ l) ei | I, K = 1, i > 0 ...(3.56) 

Tn this case then states with K different by unity but with the 
: same spin and parity are admixed, the reduced admixture ampli¬ 
tudes E„ being given as 

= ——r— < X 1 \ K i I X 0 > ■ ...(3.57) 

£i-E 0 i 

a 

t 

being the total energy of the intermediate state and £ 0 that 
of the ground state whereas the corresponding second order 
corrections to the total energies being given as 

5 E = — S 2(£i — to ) | £i 2 I I (I + 1) 

■ * 


...(3.58) 
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Then expressing this correction as a change of the moment of 
inertia i J in the simple rotor case may be written as 

i J - h*S | < xl 1 J+ I Xo > | 2 ...(3.59> 

i £l-£o 

Similarly the change in gR can be written as 
h* 1 1 

8gR ^21 2 <Xi I **_ 1 XiXXi 1 J+ I X° > ...(3.60) 

1 U - U 

It can actually be shown that all of the moment of inertia and 
magnetization may be regarded as sums of contributions from 
(3.56) and (3.57). 

A renormalization of J for the band energies of gK and gR 
for Ml moments as well as of Q 0 for the E, moments, the: 
first order effects may be included except for K = 1 or $, the 
situation in which case may to some extent become complicated 
thus giving scope to the necessity for disregarding the terms of 
the order of Qsp/Qo- 

If the transitions between two different bands with K-values 
differing by unity, then even the branching rules apply to first 
order as far as E2 transitions are concerned although 31 (E2) is 
renormalized. The coupling terms discussed, however, destroy 
the branch rules for Ml transitions. The situation on the other 
hand again is simplified for Ml transitions between two bands 
with A K = 2. The coupling term relaxes the K-selection rule¬ 
enabling the single branching rules to be applied to the extent 
that H* ro t is taken as the only important coupling term expressed, 
in terms of B(M1) as 

B(M1; IjK-IiK ± 2) = 

= Const, x (I, ? K) (I $ sb K -f 1) 

< Ii (K ± 1) 1 ( ± 1) | I f K ± 2 >* ...(3.61> 

Let H* rot term in the case of K = 0 be taken to higher- 
order giving correction terms to the usual rotational energy.. 
With the inclusion of these effects, the E for K = 0 may be.- 
written as 

E 0 = AI(I+1) + BI*(I+1)> -f CI J (I +1 ) 3 4- DI 4 (I+1 J 4 + ...(3.62)) 



Nuclear Motion and the Unified Model 79 

Whereas for K=|, f, 1 and 2, terms containing 1 part with# 
i 1 K and I = - K = 0 are obtained in addition to the B, C„ 


and D terms so that 


A E| = (I+J) [A 1 +B 1 I(I+1)+ ... ] 

...(3.62a); 

AE, = (-) I+ *'*(I-*)(I+i)(I+f) 


[B s +Cjl (1+1) + ... ] 

...(3.62b)’ 

AEj = ( -) I+1 (1 + 1) [A a +B a I (1+1) + ...] 

...(3.62c> 

AE 2 = (-)i(I-l)I(I + l)(I+2) 


[B jt +C 4 I(I+ l)-f- ... ] 

...(3.62d)« 

The term H 2 rot represents Coriolis coupling. 

If only 


Coriolis coupling alone is considered, the terms occurring im 
equations (3.62a) to (3.62d) will have the following magnitudes. 
Thus Ai will turn out to be the usual decoupling term A. Bi 
and B s will be of third order in H* rot and B 9 and B 4 will be of 
fourth order in H 2 rot . The coupling term for K = 1, i.e., H% oir . 
will contain a diagonal term of the same I-dependence as 
A, - term. The rotational energy due to H 3 rot is 

*K,I b(-)i + i 1(1+1). 

In the case of and K=| energy levels, if coupling; 

terms of the type H 1 and H a rot are taken into account, a one- 
step lower order perturbation effect alone need be considered', 
as against the second order effect of H 3 rc1j taken into account im 
K=0 energy level. So far as typical intrinsic energy differences 
are considered, H 3 rofe is of the same order as [H 9 rot ]*. Further* 
non-diagonal terms of H 1 ^ will be still smaller. 

A comparison of theoretically computed values* 22 > taking' 
into account only H* ro t with the empirical values of B appearing, 
in rotational energy expansion does indicate some quantitative 
agreement. A significant comparison can be made by the: 
improvement of the calculations with the inclusion of pairing.. 
The B s term has been identified* 23 ) in the spectrum of Tb* 5ft . 

An analysis of the measured energy values of the band 
components requiring more states with the necessity of the 
inclusion of more parameters, this inclusion, however', being 
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restricted to the fact that rotational bands are expected to 
‘terminate or drastically change character at higher angular 
momenta. Now the generalized intensity rule can further be 
generalised to hold for other multipoles in the case of an 
{arbitrary order of K-forbiddenness aK- 100 as 

B (A; IjK -+ IjK + A K) = 

- Const. X <I,XK + aK - XX I I,K + aK>*X 

v (Ii-K)!(I. + K + aK-\)! , 

x (I x + K)! (I, - K - aK + X)! 

The experimental verification of the approximate validity of the 
equation (3.63) although sufficiently adequate for its justifica¬ 
tion, the Ml branchings from the K = 7 + band to the K = 
band in Tm'“ have been found as to warrant its validity to 
within 50%. In this context it may be mentioned that on the 
'basis of the fact that the leading order intrinsic element is 
hindered depends on the convergence of the Coriolis expansions 
'.behind this equation. 


3,10 Intrinsic Particle Levels in Strongly Deformed Nuclei 


The intrinsic motion of nucleons is determined to first 
<order by an average field effect as in the case of spherical 
•nuclei. The observations of rotational spectra in nuclei confirm 
•the fact that deformations have a cylindrical symmetry and 
thence it will suffice to consider particle states in the fields of 
-spheroidal type. 


An oscillator potential with spheroidal shape distortion 
with some terms to reproduce shell model levels can be intro¬ 
duced as 

V=| M [ £0 J_*(x*+y*) + u>%z* ] + C / .s + D / ...(3.64) 


i 

a), = w 0 (1—f t) ...(3.65) 

* 

toi. = co 0 (l+$£) ...(3.66) 


being the deformation parameter, C determining the strength 
<of spin orbit and D the strength of tfie square well potential 


Introducing V .= x h co 0 R 


i / 


<* * 
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where R = ^V-2 /. s — /£/*, the eigen values of R gives the 
various energy levels in a deformed potential. Each energy 
level is characterized by quantum numbers N, L, n and still is 
a function of Nilsson deformation parameter ^ given by 

1 —* £*— £ 3 1 (3-67) 

The representation of E [hcu 0 (£)] versus ^ brings out well 
the intrinsic energy levels of particles in a deformed potential. 
Since h co 0 (£) depends on mass number the level picture 
varies with mass number as can be noted from figure 3.5 to 
figure 3.9. The wave functions to this potential with the 

inclusion of the /.s and P terms computed ! from Nilsson’s 
theory < 24 > and the corresponding energy levels for the regions 
of nuclei where the deformed coupling scheme 1 appears to have 
been satisfactorily established are represented in 
Figs. 3.5 to 3.9. The asymptotic wave functions are 
strictly valid only within the limit where the anisotropy term of 

the harmonic oscillator is dominant and the l.s and l 2 terms are 

included only to the lowest order. Ignoring the /.s and /* 
terms occurring in the expression (3.64), the energy may be 
expressed as 

E (n x , n y , n z ) = (n a +J) h w^+fn^ + l) h o)^ ... (3.68) 

where n = n x + n y . The angular momentum component along 
^ 1 . 

the nuclear symmetry axis \ and the spin component £ can 
classify the degenerate states of equal value of n . , the ^ + 2 

= O, the quantity may be taking the values ^ = n . , n — 2.... 
.0 or 1. 

In the case of this study, it is more convenient to express 
wave functions as combinations of [ Nn zy \£] than Nilsson’s 
basic vectors (NLAS)- In these combinations N=n x +n , the 


diagonal components of the terms /.s and / 2 are large but the 
diagonal elements are small thereby causing only minor correc¬ 
tions to the energy levels as well as to the wave functions. 
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Figure 3.5 

Single Particle Levels in the Region 8 < Z < 20 

and 8 < N < 20 
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Figure 3.6 

Single Particle Levels 50 < Z < 82 



















1 T 


Nuclear Models 


V 


f 



Figure 3.7 

Single Neutron Levels for 82 < N < 126 
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Figure 3.9 

Odd-Neutron Levels for N > 126 


The selection rules in terms of the asymptotic wave functions 
govern j3 and <i transitions as well as some special cases of 
anomalous conversion which are listed in references (25), 
(26), (27) and (28). 

3*11 The Odd-A Nuclei 

The odd-A deformed nuclei have properties which in many 
respects may be discussed in terms akin to those of odd-A 
spherical nuclei. There is however, an important difference, 
being associated with the fact of the degeneracy of the single 
particle spectrum which is lifted. As a consequence of this 
splitting the single particle density p becomes nearly uniform 
for the largest deformations. A consideration of moments and 
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transition rates leads to the occurrence of the main modification 
due to pairing in relation to extreme single particle model. The 
spin and parity of the quasi particle state are the same as those 
of the corresponding single particle state. Let there be no 
large fluctuation in level density. Then the single particle level 
associated with the lowest quasi-particle state of an odd system 
is the same as that occupied by the odd-particle diagrams from 
figures 3.6 to 9 can be applied as before with out any detailed con¬ 
sideration of pairing for the prediction of the ground state. More¬ 
over the lowest excited states are the same as in the simple inde¬ 
pendent picture. The quasi-particle picture involves single parti¬ 
cle levels with equidistant spacing resulting in too large a density 
near the ground state. In this picture, the mean distance between 
the ground state and the first excited state may be 50 keV 
whereas the empirical level distance is of the order of 
150-200 keV. This discrepancy, however, can be diminished if a 
Poisson distribution of single particle states be assumed. Also 
this situation may to some extent be improved by the inclusion 
of blocking. It can be seen that there is a remarkable 
agreement between the empirical spins and parities of one quasi- 
particle states in odd-A nuclei in the regions I and II compared 
with one single particle orbitals. An inclusion of blocking to 
some extent may improve the situation. Moreover, the proper¬ 
ties such as the decoupling factor and magnetic moments are 
not affected since the angular momenta of the two time-reversal 
orbitals cancel out whereas the electric moments are slightly 
modified. 

In the case of pairing factors for gamma transitions, the 
one for m\ with A s = 0, being of no change in the number of 
quasi-particles is negligible for low energy type. The transi¬ 
tions which are classified in terms of asymtotic selection rules 
as hindered or otherwise may be applied practically without 
modification. The pairing factor for the maybe of decisive 

importance although there may arise a confusion of the 
hindrance due to pairing with that arising out of other effects. 
In this way the large hindrance factor of the order of 10"M0~ 8 
met with for El transitions of low energy in the region of 
odd-A nuclei may be attributed to the intrinsic hindrance 
factor which may be expressed in*terms of selection rules in the* 
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asympotic quantum numbers. In the case of low energy transi¬ 
tions the pairing factor which is nearly proportional to 

t 

may be expected to be next in importance. The specific 
correlation effect is responsible for the production of the 
giant resonant state and it subsequently exhausts most of the 
El oscillator strength. The El single particle transition proba¬ 
bilities calculated on the basis of wave functions yield* 29 ) results 
which are of one, two or three orders of magnitude larger than 
those empirically obtained. Sometimes, they are said to likely 
be of the same order or sometimes even smaller by an order of 
magnitude* 30 - 31 ). The discrepancy could likely have been lar¬ 
ger than that found experimentally in view of the latter hind¬ 
rance factors. However, such a conclusion may not be justified 
owing to the uncertainty prevailing in the calculation of very 
small hindered matrix elements from the single particle wave 
function. The other E\ as M\ transitions follow qualitatively 
by the asymptotic selection rules. An average extra-hindranco 
of electric transition E\ relative to the magnetic transitione 
M\ due to pairing factor though expected, does not seem to 
have been established. 

The classification of /J transitions as hindered with respect 
to the asymptotic selection rules has been found success¬ 
ful* 32 ) even without regard to pairing. Thus pairing does not 
seem V to affect this classification. In odd-A spectra, three 
quasi-particle states are expected to occur in the spectra at an 
excitation energy of approximately 2 a which are reported to 
have been experimentally observed in the spectra of Lu 1 ’ 7 and 
Hf 17 ’ (Fig. 3.10). 

3-12 Odd-odd Nuclei 

The system of these nuclei is in many respects very similar 
to that of odd-A nuclei. Ignoring the residual forces, the 
total wave function is the product of the one quasi-particle 
proton and one quasi-particle neutron wave function. There 
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can be two different intrinsic states K = D p + n n and 
K= | n P - n a | for each system(o p , n n )- In the case of n p =n n 
andKsO, symmetric and antisymmetric combinations exist 
given by (X n X _ nn =t= X _ Q p X 0n ) of which the first corres¬ 
ponds to ■■/ = +1 and rotational band with I = 0,2,4.while 

the second = -1 and a rotational band with I = 1,3, 5.The 

intrinsic energies of the K = n P + O n are found to have been 
separated from the K = n P — O n states by the residual interac¬ 
tion. In a few cases when both states are identified in the 
same nucleus, the magnitude of separation is usually of the 
order 100 keV for A> 150. A rule due to Gallagher and 
Moszkowski (33J has been deduced from the data of spins 
and parities which enunciates that the lowest of these states 
corresponds to parallel intrinsic pairs in the asymptotic represen¬ 
tation. The rule holds for all empirically known cases save 
Ho 18S in which case, which of the isomers is the ground is not 
■definitely clear. In an interaction in a relative s- state which 
involves single odd neutron-odd proton, the parallel spins 

alignment is preferable owing to a strong ov cr 2 component in 
the nuclear force as in the deuteron. However, the odd-neutron 
and odd-proton states may usually correspond to the relative 
■wave function quite different from that of the deuteron. More¬ 
over the relative n - p wave functions strongly vary from one odd- 
odd case to another. The validity of the rate-rule is mainly an 
■effect of pair correlation* 345 . In the quasi-particle picture 

only the cri .<r 2 part of the interaction continues to exist on 
account of different time reflection characteristics of the inter¬ 
action operators. Moreover, the residual interactions are 
responsible for the splitting of the two K = 0 bands. Also the 
residual interactions account for the splitting of the two K = 0 
bands based on the same intrinsic orbitals (but with) ^ = +1 
and even spins and n( = -1 and odd spins, the latter (35 > having 
been studied in Ho Wfi , Am 242 , Lu 17 \ The odd-neutron as well as 
odd-proton may be excited with increase in quasi-particle num¬ 
ber. Analogously a great density of states at low energies is 
found to exist. The odd-A spectra are known in detail while 
corresponding spectra in odd-odd nuclei are by no means so. 
The assignments in the latter case are less unique than in those 
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in odd-A. Nevertheless they are consistent with the single 
configurations met with in odd-A nuclei. 


3.13 Even-even Nuclei 

All the particles filling paired orbits (n,-n) form the 
constituents of the ground state in which the correlation between 
the pairs then is responsible for the low energy of the state and 
the occurrence of the energy gap in these even-even nuclei in 
contrast to the odd mass cases. Just above the gap occurs a 
great density of intrinsic states amounting to two quasi-neutron 
states. It may be actually expected to be larger than in the 
odd-odd case near the ground state. Residual interactions 
play even a more drastic role in the odd-odd case on account 
of the better over lap. The two quasi-particle states in even- 
even nuclei are difficult to classify. In several cases a certain 
measure of uncertainty prevails as to whether the lowest KyfO 
states is of the broken neutron pair or that of the broken 
proton pair. It is, however, in many cases a unique assign¬ 
ment on the basis of a superallowed { AS = 1, A A = Anz = 01 

fi transition populating this state. The two neutron state 
[v 523 5/2, 642 5/2] Dy*« 2 populated by /? decay, log ft =* 4.6, 
from the Ho 182 100 keV isomer [it 523 7/2, v 642 5/2] is an 
illustrative example of the mentioned type of assignment. A 
classification of two quasi-particle states in region II has been 
attempted^ 3 ®. The attempt involves some preliminary energy 
calculations with the inclusion of blocking, and without making 
■any changes in particle number of fluctuations. 

3.14 Collective Nuclear Vibrations in Deformed Nuclei 

The description of collective nuclear vibration for spherical 
nuclei given in the preliminary sections is required to be 
•slightly modified in order to enable it to be applicable to the 
nuclei of deformed type. On account of the deformed nature, 
the angular momentum A of the excitation is no longer a 
constant of the motion but can be only its component on the 
■symmetry axis for nuclei of axial symmetry. In the limit of 
■small nuclear distortion, \ corresponds to the multipole order 
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and as such can be useful for classifications of the vibrations.. 
Moreover the parity of the phonon equals ( — )\ 

It is convenient to express the vibrational variables with 
respect to the axis system fixed in the distorted nucleus^ 37 ) being 
in this case be denoted as a \ v , inasmuch as the frequencies of 

vibration are greater than those of vibration. The vibrational 
modes corresponding to different v valves are not degenerate.. 
The non-collective intrinsic motion and the vibrational motion 
which are respectively characterized by the angular momentum 
component K 0 and the angular momentum v couple in such a 
way that for a total angular momentum K, the relation that 
K = | K„ + v | holds so as to lead the adiabatic coupling 
scheme to I ^ K. 

3.14(a) Vibrations of Quadrupole Type with P and. 
*Y Character 

In the case of quadrupole vibration, a, 0 and * 22 = <* 2 , _ 2 are 
nonvanishing. Now let the mass parameters jS 20 and a force 
parameters C 20 and C 22 be defined with respect to the variables 
<*20 and * 22 . The latter may be expressed in terms of the 
P and <i the elongation parameter and the axial-symmetry 
angle 1 as 

a -20 = P cos <i ...(3.69)- 

ct 22 — d 2 _2 = V 1/2 p sin 'i ...(3.70) 

where ft, the surface parameter is related to the potential para¬ 
meter £ from the relations given by the expressions (3.46)- 
and (3.47) so that the potential parameter £ may be expressed, 
to the first order as 



The vibrations associated with *20 and those with *22 are 
termed as p and <1 vibrations respectively. In the case or 
equilibrium axial symmetry and small axial symmetry angle nf, 
it can be said <*20 — £ and *22 at P'il^fl. Of these modes the 
'f-vibrational ones are so far empirically identified. The B (E2)» 
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'values may be found to be of the order of 3 to 6 times the 
single proton estimate. Also they exhaust a significant fraction 
.of the E2 oscillator sum rule. Further more, the moment of 
inertia of the rotational bands' resulting from the /? and 'i 
-vibrations, unlike that of the octupole bands is nearly the same 
as that of the corresponding ground state band. 

The members of the K = 2 + and K = 0 bands are a first 
-approximation branched to the members of the ground state 
band in even-even nuclei obeying the rules enunciated in 
•(3.46). There are however, significant deviations. In the case 
of vibrations, this deviation can be analyzed in terms of the 

coupling parameter Z 2 which measures the rotation vibration 

) \ 

interaction. A coupling to lowest order in the K = 0 is given 
r rise by the term H 1 ^ while the 1 vibrational band is coupled 
•directly to the ground state band by the term H 3 rot . The bands 
in the second order, however, are mixed by the H 2 rot . Also 
H 3 rot and H' rot may be considered to be representing the 
second order effects of H 2 ro t. The second order couplings with 
the vibrational states, unlike the couplings to other K = 0 + 
or K = 2 + states are of importance for the F e transition rate 
inasmuch as these mixings are connected with the collectives 
matrix elements proportional to Q 0 . In the case of energy 
•depression of the ground state rotational band proportinal to 
1(1+1) 2 , the coupling to the vibrational states could be con- 
•ciuded to account for about 5 - 10% of this depression the rest 
being ascribed to Coriolis couplings to the states other than 
vibrational ones. The B (E2) values can be expressed in terms 
•of the Z-parameters as 

B(E2,I i K= a 0-,I,K = v)=B(E2) o [I-z j) f j; (I i I f )] 2 ...(3.71) 
where the definitions are applied which are given by 

*0 Qo < O' I 3U (E2,0)1 0>-i 

. Z 2 - Y •«* Qo c 2 I c5T (E2,2) [0>-i ...(3.72) 

**- ” * 

and where the reduced mixing amplitude e v being given in 
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terms of h 0 and h 2 as 


£ 


v 


<v | h v | o > 
"" 


...(3.73) 


The quantity f (I s I ( ) for v = 0 is expressed ais. 

(It It) = If (1/ + 1) — Ii (I| + 1) ...(3.74) 

and for v = 2 it may be written as 

h (Ii It) - 

1 + [I 4 (Ii+1)] i/2<I i 2Il | Ii2><Ii202 ...(3.75) 


The rotational energies of the ground state baud due. to the 
rotation-vibration interaction in their estimation require correc¬ 
tion to be made with the correction terms 8 Eq, amd s E 2 which 
are expressed as 

8 E 0 . - (£'o - £ 0 ) I (I + 1)2 

8 E 2 - -2 C 2 2 ( £2 _ £o ) { 12 (I+ 1)2 _ 21 (1+1) } ...(3.76)1 

It may be stated that /? and vibrational states in the spectra 
of odd-A nuclei are identified in a number of cases such as the: 
spectrum of e7 Ho J * 5 and that of 85 Tb ls8 . 


3* 14(b) Octupole Vibrations 

The octupole states in spherical nuclei or in deformed 
nuclei, are expected to be split into components with | v | = Ov 
1, 2, 3 of which the K = 0 — components with I = 1—, 3—„ 

5—.rotational members, are found to exist in a larage 

number of nuclei. The K=0—bands are found at low energies 
mostly in the neighbourhood A=224. At comparatively higher 
energies the K=l—and 2—states are in a few cases have: been 
observed. The occurrence of large S-values of the K=0 bands 
indicates the presence of strongly Coriolis coupled K=1 mem¬ 
ber in close vicinity with respect to energy. The odd members 
of the K=0—band are expected to be displaced upwards rela¬ 
tive to the even members on account of the Coriolis coupling 
to the K=0—band. 
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3.15 Deviation from Axial Symmetry 


An investigation of vibrational states involves a conside¬ 
ration of momentary deviations from axial symmetry. An 
assumption of an equilibrium axial symmetry seems to be 
adequate to describe the main body of deformed nuclei. It 
looks as though there are indications that in the transi¬ 
tion regions between deformed and spherical nuclei, it is 
appropriate to discuss the possible effects of stable equilibrium 
non-axial distortions* 38 * 39 ). Then the complete rotor Hamil¬ 
tonian may be considered as given by 

Hvot= h 2 + V +~~h 2 -.(3.77) 

*3 1 £3 2 *3 3 


Employing the representation (IKM) the states may conveniently 
be classified if 3 \ —3 1 be small compared to J 9 the 3 being 
defined by 

3- l =H3r'+3i-') 


If the deviation from axial symmetry be small. A small Si-Si 
may be expected although it may be expected even for other 
reasons. The lowest order energy for a rotor in such a case 
takes the form given by 


Erot<°> = ~~ [I (I + 1 )-K 2 ] + -*i- K 2 
*3 2 3 3 


• « • 


(3.78). 


«' j 

In the derivation of this expression, the non-diagonal tertq is., 
ignored which is given by 1 



h 2 

2Ji 


h 2 

23% 


Ii 2 — 12 2 


* * * 


(3.79) 


4 

the couplings with A K=2 being given by this latter one, an 
inclusion of which inperturbation approximation leads to a 
modification of the ground state band by I 2 (I+l) 2 dependent 
term following (3.76). The observed accuracy of the energy 
dependence of the ground state band may be taken as a measure* 
of deviation from axial symmetry likely to occur. If the devia¬ 
tions from axial symmetry be not small, K cannot be even 
approximately constant of the motion. In such a case a com¬ 
plete diagonalization of (3.76) gives the spectra. It is then 
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proper to consider all the three of J u J 2 and J 3 as free para- 
meters finally to be computed from data fitting^ 40 ). It is how¬ 
ever, required to add ft and 'i vibrational ones to the rotational 
degrees of freedom so as to make a detailed comparison with 
•experimentsbecomes intelligible. 

Thus a very large number of parameters becomes involved 
in the problem. The effect of one degree of freedom at a time 
may be understood by considering the relation given by the 
•expression (3.78) as illustrated in Fig. 3.11 which conse- 



Figure 3.11 

Lowest States of Given I and Positive Parity 
in the even-even Nuclei 
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quently corresponding to 3 \ — 3 2 and ^ 0. Then the angular 
momentum component K remains good quantum number and 
the case does not imply axial symmetry but on the other hand 
rotation around the 3-axis is assumed to be quantum mechani¬ 
cally definable. The condition 3 \ = 3i can be realized by the 
highly asymmetrical situation = 30° and ^ = 0. On the basis of 
hydrodynamical hypothesis in which case also 3i is fixed as be¬ 
ing equal to A3 1 * Let rotor levels be studied as functions 3 J3 i 
as represented in Fig. 3.12. In the case of small values of 
this ratio, the K = 0 band members of the K=0 band are energy 
favoured compared to other levels of the same I but diffe¬ 
rent K. If 3 3 — 31 = 31, the states of given I will 
all be degenerate in K whereas out of the states 
with given I-values those with K=1 are lowest inenergy in the 
case of 3%>3- These 3= K states follow the single energy 
nile< 41 > given by 


Ei( I - K) = -^- I ( I + ^-) ...(3.80) 

The empirical values of Ei/I in units of E2 with such characte¬ 
ristics that they are lowest occurring ones which correspond to 
a given I-value and positive parity are plotted and in the plot 
shown in Fig. 3.11 a number of representative type of even- 
even nuclei Hf 180 , Os 188 , Os 190 , Pt 198 , Xe i22 and Gd 162 are chosen. 
The plot shows in the form of solid lines the energy ratios 
EI/I)E2’ 1 for 1) the9 3 =0, K=0 rotational band 2) the I=K 
and ^ = 30° in the hydrodynamical model 3) the pure harmonic 
vibrator. 

The empirical states on the above mentioned basis are so 
well-described by a second order polynomial in 3 as given in 
(3.80). This behaviour, so far has been observed only for 
•small regions of transition nuclei, this feature, however, by no 
means being common to all transition regions. The regularities 
which can be observed in Fig. 3.12 tend to suggest simple 
rotational picture. Even so it may be noted that important 
degrees of freedom are ignored, that the hypothesis 3 1 — 3 1 
does not seem to be natural and also ignoring the vibrational 
degrees of freedom could not be serious. 
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Figure 3.12 

Energy Levels of the Asymmetric Rotor with 
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The analysis of the only pure rotor requires similar several 
such plots as (3.11) valid for JJJ 2 other than one. In the case 
of there can be no analytical expressions for E rot . How¬ 

ever, it may be determined by resorting to numerical evalua- 
tions< 42) . Moreover, it is, as already mentioned, required to add 
the additional degrees of freedom which complicates the 
picture. 

The three free Sk. parameter including the case that these 
parameters are related via the hydrodynamical model have been 
computed for even-even nuclei in the A cs 190 region. These 
numerical calculations involve the rotation vibration interac¬ 
tion^. The fitting of a large number of data in terms of rela¬ 
tively few parameters seems to go beyond the expected on the 
basis of pure parameter fitting. The treatment of the degrees 
of freedom of the axially asymmetric even-even rotor encoun¬ 
ters great complication which is additively enhanced when the 
intrinsic structure as modified by the axial asymmetry has to be 
considered for the description of the low lying states of an 
odd-A nucleus. An average potential similar to that of (3.64) 
but with ^ w y has been employed for computing in intrinsic 
wave functions (44 - 45 >. The intrinsic angular momentum compo¬ 
nent n as well as the total angular momentum component K 
are not constant of the motion. Hence the total wave function 
cannot be of the simple type expressed by (3.25). Neverthe¬ 
less it may be expressed in terms of sums over components of 
given o and K. Consequently the simple separation between 
intrinsic and rotational degrees of freedom is largely annihi¬ 
lated. 

In the case of nuclei in the region of A a: 190 where the 
axially symmetric description of (3.24) seems to fail, attempts 
have been made^ thereby indicating that it is possible to fit at 
least the lowest levels of the energy spectrum such as that of 
Pt 1 * 5 without vibrations taking into account. Moreover, hydro- 
dynamical assumptions are required to be employed in these 
calculations to relate the ratios of the moment of inertia. 
Nevertheless the level fit is not unique. There is a chance of 
different sets of and^ parameters and particle states. Also 
it becomes impossible to fit at the same time all of the observed 
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transition probabilities even with one or two orders of magni- 
tude with these parameter sets thereby bringing out the neces^ 
sity of introducing the vibrational degrees of freedom in order 
to explain the large strength of some E2 transitions from the 
ground state. ' 

3*16 Collective Motion and Collective Parameters 

The collective rotational motion : The collective rota¬ 
tional motion has already been dealt with in terms of pheno¬ 
menological collective parameter, J and g R . Also B and C are 
introduced largely as phenomenological parameters in the 
description of the collective vibration. Moreover, the basic 
relation of the single particle degree of freedom was strongly 

but qualitatively employed with those of the collective vibra¬ 
tions. 

Now let the Hamiltonian of the entire system in the form 
of a power series expansion be considered in the total angular 
momentum S . This procedure can be suitable if the rotational 
motion is slow compared with the single particle motion. The 
discussion of the intrinsic field and the pairing concerns the 
independent part of this expression. Denoting this part of the 
Hamiltonian by H oJ the Independent term may be calculated 
by considering* 47 ) 

H' = H 0 -/MiJ* ...(3.81) 

Where /£, the Langrangian multiplier is so chosen as to obtain 
a specified value I a of the angular momentum component J x 
along the x-axis, x being the axis of rotation which is fixed at 
right angles to the Nuclear symmetry axis 

< h > = I* ...(3.82) 

The solution to (3.81) is obtained by a variational method and 
the quantity H' is made stationary with respect to any varia¬ 
tional parameter, such as I*. The condition 8 <H'> / 81* = 0 
leads to 

ji ■ b-i L<Jfe> = ...(3.83) 

0 l X 
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which forms the natural definition of the angular frequency 
of the collective rotation: the derivative of the total energy 
with respect to the angular momentum. 


The quantity H7 may be treated as the Hamiltonian refer¬ 
ring to the rotated system, the term - hw s J x representing the 
Coriolis and centrifugal forces operating in the moving system. 
In this connection, H 0 is implicitly assumed to be independent 
of the rotational frequency c*> x which amounts to the rotating 
field being the same as the static field. Then let these be 
expanding in solutions to H 0 and let the added term be treated 
as a perturbation so that to the first order 

I > = [0>+fa(o I < <l l J *j °> }i> ...(3.84) 

ci“"c 0 

i 


The expression (3.82) gives the moment of inertia 3 x defined as 
hl x in the form written as 


3 x = =2 h 2 



i <j r j* i q> i 2 

Si - So 


...(3.85) 


This derivation can be understood by pointing out the choice 
of H 0 in (3.81) is of a particular selection of a reference frame 
in which the quasi-particles are known to be moving indepen¬ 
dently. Its wave function and the aligned wave function 
$ aligned of the form* 48 ) 


$ aligned — 


% (i) *j.j (l) (i) 

*JJ ( 2 ) (2) *jj. r (2) 

*ii (3) *j-j (3) 1 (3) 


...(3.86) 


will be analogous to the unperturbed state | 0> of (3.84). The 
effect of the coordinate frame is ignored and total angular 
momentum is not a constant of the motion since these two 
features are intimately related to each other. The auxiliary 
condition accounted for in (3.81) by the introduction of Lagran- 
gian multiplier ensures that the wave function corresponds to a 
definite angular momentum value. Thus the transformation 
is carried out from the particular reference frame H„ to the 
laboratory coordinates. The above expression (3.85) was 
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derived* 4 ® on the basis of ‘Cranking model’ according to which 
the nucleonic motion in a field that is cranked around externally 
is considered. The extra energy that is necessary so that the 
particles should follow the field adiabatically to sustain the 
field is calculated. Because of this mode of derivation, this 
expression is termed as “Cranking formula”. In the case of a 
pure isotropic harmonic oscillator potential at equilibrium, 
the rigid value of the moment of inertia is exactly obtained as 
already proved* 5 ® 


It can be seen that the empirical value of 3 for even-even 
nuclei in region II is only 20-50% of 3 rig. It was shown* 51 ) 
that the disparity was reduced by the inclusion of the residual 
interactions. The theoretical picture was based on the schematic 
*two-nucleon model’. A similar analysis on the basis of a 
more detailed nuclear model, the most important part of the 
residual interaction in deformed nuclei may be accounted for 
by the pairing interaction. The above general expression 
(3.85) in the quasi-particle approximation may in terms of 
the single particle elements < V | j x | v >, the diffusion 
factors U v and V v and the quasi-particle energies may be 

written as 


£ * (even-even) = 


n v > o + Ep 


(U„ V„,- V„ U„)* 

...(3.87) 


Now it may be mentioned that the energy associated with the 
matrix element < 1 / [ j x [ v> is (£ p , — £ p ) amounting to just 

the difference between the single-particle energies. The expres¬ 
sion for the moment of inertia is modified by the pair corre¬ 
lation by the effect of the energy difference between the even- 
even ground state and the excited configuration which is very 
much increased on account of the odd particles of the broken 
pair preventing the correlation pairs from using the single 
particle states v and vK Hence the energy is always larger 
than 2 A. Moreover, as a consequence of V pr — V v U v /) 2 

the state v is required to be occupied by a pair V v and the 
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•state v' f be occupied by (U ,). The operator J x = —* 2 j x ^> 

V' i 

then scatters a particle from v into v f . The reverse situation 
that v is occupied by a pair and the vt is possible unoccupied. 
The two processes actually interfere. The minus sign is directly 
connected to the time reflection properties of J x operator. 
These effects reduce the value of $ by about the same factor. 
The theoretical values are found to be systematically smaller 
than the empirically obtained ones by an order of 5-20%. If 
the decrease in A be by 10% and increase in the deformation 
parameter £ by 10%, the discrepancy will be removed. There 
is, however, corresponding amount of uncertainty. Even so, 
the systematic discrepancy seems significant, thereby confirm¬ 
ing the significance of the deviation. The discrepancy thus 
resulting can be removed if the blocking be carefully taken into 
account. It cannot de ascertained how much of the deviation 
can be ascribed to the excessive simplification of the residual 
interaction by the use of pairing force there by necessitating 
further enquiry into the matter. 

The moment of inertia, $ is a measure of the mass trans¬ 
ported in collective rotation flow while the collective Gyro- 
magnetic ratio gR is a measure of the magnetic properties of 
this collective flow. On the basis of an expansion of (3.84) 
the expression for g R which is similar in structure to (3.87) 
may be derived. A comparison of theoretical values of gR for 
even-even nuclei^ with the experimental data shows that within 
the limits of the approximation that the spin contribution can 
fee ignored, the mentioned g R may be expressed as 

gR “ Jn+Jp ...(3.88) 

This ratio comes out smaller than Z/A so that AP empirically 
turns out to be larger than An. The values of odd-A moments 
of inertia are found to be larger than the corresponding 
even-even values while those of odd-odd are even larger than 
those of odd-A. The increase in J can be ascribed to the one- 
quasi-particle state being directly connected with another one- 
quasi-particle state by the J x operator so that no room is given 
for the break of additional pairs. Hence the associated energy 
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denominator (£ v , — i v ) is small. The mentioned contribution 

compensates the loss sustained inasmuch as the level occupied 
by the odd particle is by no means available for the even con* 
tribution. The odd particles especially in the orbitals from 
hn/ 2 » iii /2 and j lWa associated with large angular momentum 
matrix elements to near lying states of the same sub-shell have 
very larger contributions. Let the excess in the moment of 
inertia of the odd-A nuclei be denoted by . Then the largest 
of 8 J is associated with the orbitals [642 5/2] [633 7/2] and 
[624 9/2] originating from In nuclear spectroscopy in this 

region of nuclei the values of the moment of inertia offer most 
reliable clues for the identification of orbitals. 

3.17 The Collective Vibrational Motion 

The collective vibrational excitation may be viewed as a 
coherent superposition of single particle excitations. Such a 
view provides a qualitative but useful picture of the vibrational 
excitations. Moreover, this picture, usually termed as ‘micro¬ 
scopic’ can be employed in order to estimate the collective 
vibrational parameters. This description forms a major im¬ 
provement over the hydrodynamic estimates. As a preliminary 
step towards for a further understanding, consider nuclei near 
doubly closed shells so that the short range correlation can be 
seen as likely the most important residual effect which can be 
introduced by the quasi-particle transformation. If Ho be the 
Hamiltonian involving the nuclear potential and the pairing 
force, the quasi-particle transformation may assume the form 
given by 

H 0 » SE (<*„■% + *± a-') + Const + Hint. ...(3.89) 

v V V 

Let the term Hint., representing interaction between quasi-parti¬ 
cle be treated as negligible. The two quasi-particle states 
- ♦ | 0> is associated with an excitation energy E p + E y/ 

relative to the ground state | 0>. The remaining long range 
part of the correlation, on expansion in terms of different multi¬ 
poles yield the spin independent components of such an expan¬ 
sion. Also it is maintained by the results of detailed calculations 
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that each component is associated with the collective state of 
the same multipole character. Thequadrupole part is especially 
important in the elucidation of the systematic occurrence oflow 
lying 2 + states in all even-even spherical nuclei. These 2 + 
states have collective character as is evident from their E2 
strengths. The octupole component in this expansion is like¬ 
wise expected to be associated with the collective 3-states as 
can be observed in spherical nuclei and the K = 0-states in the 
deformed nuclei especially A=225. 


A restriction of the view only to the quadrupole term of the* 
multipole expansion given by V (7 1 ~7 2 ) « S (r\r 2 ) P K cos (0i?.) 

K 

made for definiteness enables an easy generalization so 
that in terms of second quantization, the quadrupole term 
can be written as 


HQ= 





>d 


V a V>-Vi a }’i> 


...(3.90)- 

In the above expression, a specific simple radial dependence of 
HQ is assumed. Expressing HQ in terms of the <* v and a , ope¬ 
rations gives terms< S3 > of the form written as 


HQ=H 00 Q+H U Q+H 20 Q+H 22 Q+H 3i Q+H* 0 Q ...(3.91). 

the operators being ordered with the creation operators' to the 
left of the annihilation operators and the indices referring tO' 
the number of ct y + and o- v operators in each term. The equation 

(3.91) shows that in the even-even case HQ couples the two' 
quasi-particle states with each other, the two quasi-particle 
states with the four quasi-particle states etc. It looks as if HQ 
could be treated as a perturbation term. This procedure, how¬ 
ever, by experience is found to faiic*) even for a small number 
of particles or holes outside of closed shells. The particular 2 + 
states with strongly collective properties separate from all the 
other excited quasi-particle states. In this case of perturbation 
expansion has a poor convergence. 


. .... ^ is one in which the 

wo particle interaction is approximated with a q,uadrupole. 
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field. The relation given by (3.82) is expressed as a sum of single 
,particle operator coupled to the average field q^„. Thus 

in the generator Hamiltonian a term is introduced which is of 
the type given by 


- (3 - 92) 

with 

" < S (j) r ? Y 2 fL ( 6 *» - ( 3 - 93 > 

It may be noted that the factor J in the generator Hamiltonian 
vanishes by the application of this Hartree-Fock method. 

The operator 0.2 w ’ n terms °f quasi-particle operator 

includes terms proportional to a + a, a + a + , aa in addition to a- 
■independent terms. 

The coupling constant K may be written as 

K a Mu) *-L.— 

0 S < r? > 

% 

i 

The equation (3.92) provided only the vibrational motion 
is slow compared with the relevant single particle frequencies. 
A certain self-sufficiency between the shape of the matter 
distribution and that of the field is assured if 

< * I ^2/t I *> = $2/t s a 2/t -( 3 - 94 ) 

for each component. Henceforth, the index /t is dropped for 
having simplicity in this schematic presentation. The quantity 
a defined in (3.94) must not be confounded with the quasi¬ 
particle creation and destruction operators et + and a . It can 

be considered as the collective coordinate describing the 
changes in the shape of the nucleus as a whole. The total 
energy as a function of a can be investigated by studying the 
K-variation with a of the total nucleonic wave function $ (a) 
and with the knowledge of <j> ot. 
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The <j> (<x) can be found by considering the Hamiltonian 

H' = H 0 -(Kct + /*OQ ...(3.95) 

fi being a Lagrangian multiplier. Let the components of ct and 
Q be dropped. Then the lowest order in ct may be obtained so 
that 

»(«)- 10> + S(ft + M - 1 ' 1 Q i - 0> | i> ...(3.96) 

i ci - c 0 

where ft being determined from the auxiliary condition given 
by (3.94), £ 0 and u are the total energies of the given state | 0> 
and the intermediate two-quasi particle state | i > in the even 
•case for which 


U 




The matrix element < i | Q | 0 > likewise contains a (U, V) - 
■factor in addition to a single particle matrix element. 

The potential and kinetic energy in powers of powers of ct 

•and ct may be expanded. The terms of lowest order under the 
•condition of time reversal invariance are of the form written as 


H vib =iB|a| 2 +£C|ct|’ ...(3.97) 

If the deviation from spherical symmetry or in the deformed 
case the deviation from equilibrium be small which amounts 
that ct is small, the harmonic approximation in the case of 
H V ib can be satisfactory. !&lso its harmonic approximation 
can be satisfactory if its vibrational frequency is low. 


Then a treatment by the procedure of the second order 
'quantization the collective vibration Hamiltonian given by 
•(3.97) leads to the frequency to given by 


(a) ss 



...(3,98) 


Where B is the mass parameter and C the restoring parameters 
these features being already given in the expression (3.5). In 
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this connection it will be found that the mass parameter B and 1 
the restoring or the potential energy parameter C can be com¬ 
puted in terms of the Hamiltonian (3.95) and the wave function 
(3.96). The potential energy parameter C with the help of the 
wave function can directly be obtained from the expectation 
value of the energy operator for a given a so that 


C 



<i IQ I 0> I 

£i “ 



...(3.99) 


A similar expression for the parameter B the mass associated 

with the collective vibration may be derived by studying the- 

time dependent wave function <j> (a, t) corresponding to the 

value given by (3.96) which is being not explicitly dependent 

on time. Alternatively B may also be calculated by employing 

the problem of the collective mass with that of moment of' 

inertia already discussed in (3.16). The angular momentum 

component J x along the X-axis with the specified value J x and 
• 

<f> x = <*> are conjugate variables. In the case of vibrational. 

consideration ct plays the role of co while the generalized 
momentum variable conjugate to a, quantum mechanically 
amounting to — i h d / ax. replaces J x so that 


B = 2 h 2 2 


- * * 2 ( X 


Sx 


o > 


£i- So 

1 <i I Q[Q> l 2 

£i - t 0 


- 2 . 




| <i | Q | O > | 2 


(£i — to ) 3 


...(3.100)* 


The angular momentum component J x along the x-axis 

• 

having the specified value I x and = co are conjugate variables. 

In the case of vibrational problem <l plays the role of o> while 
the generalized momentum variable conjugate- to* ct quantum* 
mechanically amounting to — i h. 3 / 5 x replaces J*. Then, 
employing the relations given by (3.90),. (3.99), (3.101) and 
(3.102), the energy h a implicitly may be expressed as, 
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I < i 1 Q 1 Q> l 2 )’ 1 

£i “ / 

I < j 1 Q 1 o > 1M ~ 2 

ti Eo / 


^ 1 < 1 I Q 1 ° >-11 (3.101) 

1 (ti - to) 3 

*with the values of B and C it will be possible to calculate the 
collective transition probabilities B(E2). The E2 vibrations in 
single closed shell nuclei have been quite extensively calcu- 
lated< 55 > and the computed values have been found to be in good 
agreement with the experimental results. Similarly calculations 
of 'Y - vibrations of the nuclei in the deformed region^ have 
been carried out with a measure of success. Nevertheless 
the treatment outlined here involves various assumptions, 
firstly, the adoptability one expressed by (3.90), (3.92) and 
i( 3 . 93 ) of questionable validity, especially in the case of the 
vibrational state being in the very vicinity of regular two quasi¬ 
particle excitations. Moreover, the harmonicity approximation 
of ( 3 . 97 ) is one which is limited to a harmonic vibrational 
spectrum. Lastly, as the regular two quasi-particle states are 
snot considered to be affected by the collective vibrational 
states, the number of redundant variables is increased thereby 
likely to increase vagueness in the picture. The vibrational 
states are in principle based on the regular two quasi-particle 
states. 


In the method outlined above, some improvements have 
been brought about by introducing the random-phase approxi¬ 
mation^ which approximately takes into account the fact 
•that the actual ground state in an even system due to the HQ 40 
terms may contain admixtures of four", eight etc. quasi-particle 
•states. Relative to this correlated actual ground state, 


►denoted | 6 > , excited states in general in which the vibra¬ 
tional state be found have components which correspond to the 
^excitation of two quasi-particles as well as de-excitations of 
two quasi-particles. The equations of motion for amplitudes 


<K 



>, are considered. 


The quantity A+ vv , 


is a 
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complex operator containing two quasi-particle creation ope¬ 
rators. The term | K> signifies an excited state such as a vibra¬ 
tional one. The commutation rules of A , are expressed by 

^ Vi ~ ^ vv\ ...(3.102). 


A numerical diagonalization procedure can give the eigen, 
values h to and the corresponding eigen vector or the A* 
components. With a further assumption that certain matrix 
elements of the separable interaction HQ could be ignored, or 
in other words, the exchange terms or those that spring from 
antisymmetrization of the wave function of the two interacting 
particles would lead to analytically simple equation for eigen* 
value for h o. In the case of degenerate j-shell the terms. 

neglected are small being of the order (2j+l)~ * and (2j + l) -1 
compared to the terms kept so that 


w « <i | Q | o > 2 (Sj to) _. 

i (£i-£o) 2 -(M 2 - 1 


...(3.103) 


which in terms of quasi-particle formalism is interpreted to re¬ 
present in case of an even-even nucleus an expression given by 


2 K F (o>) s 

, K S I < v 1 q 1 v' > 1 8 (E„ + E/) 

vv' (Ev+E,/) 2 —(tuo) 2 


(U v v y/ -v v u v/ p=i 


...(3.104)* 

the Q being decomposed into its single particle components. 

Q=Sqi- 

1 


It may be pointed that an expansion in & (£i—£o) with a 

retention of terms upto second order enables an easy verifica¬ 
tion that (3.101) is obtained from (3.103). 

From the solutions of (3-104) as exhibited in 
Figure (3.13) it can be found that | K | << I corresponds 
closely to the two quasi-particle energies However*. 

there may be solutions which are appreciably different with 
increasing [ K | . In T=0 quadrupole vibrational states posi¬ 
tive K is realised in which case the forces are attractive and* 
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Figure 3.13 

Schomatic Figure of the Function F (w) in Equation (3.104) 

the frequencies decrease with increasing K. If K be larger than 
K crit the lowest root becomes imaginary, implying thereby that 
the spherical configuration is by no means stable. If K be in¬ 
creasing and yet K < K orit two types of root collect a large 
fraction of the quadrupole oscillator strength for electro¬ 
magnetic excitations from the ground state. One root may 
take place below the smallest sum E v +E vf which corresponds 

to the low lying vibrational state in the spherical case and to the 
/}—(I 3 =0) or —(I s =2) vibrational state in deformed nuclei. 
With an energy slightly below 2 h w oso ., another type of col¬ 
lective E2 state is associated with excitations from the N shell 
to that of N+2. Negative case is realised if T= | E | resonance 
and in this case the roots are pushed upwards and the collec¬ 
tive strength is collected on one or a few roots slightly above 
the one shell transition energy*®). 
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In the case of spherical nuclei of Pb and Sn region, the 
difference between the frequencies obtained from equation 

<(3.103) and those obtained by the adiabatic assumption from 

(3.101) is definitely small. This difference, however, is more 
fpronounced in the deformed-actinide region especially when the 
vibrational states lie close to the regular two quasi-particle 
states. The change in vibrational frequency may be effected by 
employing (3.103) as compared to (3.101) by a readjustment 
of coupling constant in the latter equation the magnitude of 
which involves an uncertainty by at least the necessary amount 
in most cases. The random phase approximation has the princi¬ 
pal advantage of being treated on the same footing in all cases 
whether it be purely intrinsic in character or collective or 
.mixed. 


The results of the random phase calculations with those ob¬ 
tained by a complete diagonal ization of all two quasi-particle 
states may be compared following Tamm-Dancoff method which 
has earlier been applied* 60 * to the treatment of the Giant El 
state. This method though relatively successful in the predic¬ 
tion of the position of the collective El states existing at high 
excitation energy, is quite inadequate for the treatment of E2 
and E3 collective states. The total oscillator strength computed 
within the limits of Tamm-Dancoff approximation is sometimes 
different by orders of magnitude from that obtained from the 
one resulting from energy-weighted sum rule, required to hold 
within any model which takes only nucleons into account of 
■-course disregarding meason effects as well as also for two parti¬ 
cle interaction of non-exchange character. The violation of the 
sum-rule results from the negligence of the couplings to the 
higher quasi-particle states. The agreement with the sum rules 
is nevertheless very much improved in the case of random phase 
•approximation of some ground state orientation. The energy 
weighted sum rule is found to hold exactly* 61 * in the additional 
..approximation implied in (3.104). On the basis of the approxima¬ 
tions implied by this expression quadrupole vibrational modes 
can be calculated for spherical as well as for the deformed 
.region. The regions of h c*> imaginary correspond to theoretical 
non-spherical equilibrium. This predicted instability in some 
*case is upheld by the occurrence of a deformed region as in the 



Nuclear Motion and the Unified Model 113'' 

case for 150 < A < 190. Such anon-spherical equilibrium 
shape is not found experimentally in other cases as near as 
A=125. 

4 

_ I 

The collective E3 states have been dealt with in both 

t 

Tamm-Dancoff method and in the random phase approxima- 

* i 

tion^ 62 * 63) . The methods by which the position and oscillator 
strength can be calculated are in general satisfactory. Even so 
the problem of the states characterized by one or more oscil¬ 
lator quanta largely remains unsolved. The random phase 
approximation becomes unwieldy technically to handle if 
directly adopted to treat states basically corresponding to four 
quasi-particle excitations relative to the ground state. With 
excitations of more quasi-particles, the validity of the random 
phase approximation becomes relatively more vague and un- 
certain< 64 >. 

A simple addition of another vibrational quantum as 
implied by the Hamiltonian (3.97), predicting a degenerate 
1=0, 2, 4 doubletin the two phonon quadrupole case does not 
in general correspond to the empirical situation. With the 
accumulation of experimental information on the problem of 
vibrational modes, the one of the higher vibrational modes is 
becoming an immediate pressing theoretical problem requiring 
on urgent solution. 
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Phonon Coupling Models 


4+1 Introduction 

It is well-known that single particle models are applicable 
for spherical nuclei while the collective models are applicable 
for deformed nuclei. It is hard to really classify the nuclei 
rigidly into spherical and deformed types a considerable over¬ 
lap being encountered especially at higher excitations. Classifi¬ 
cation based on the energy levels alone is sometimes difficult. 
Thus for odd mass spherical nuclei while the energy levels may 
indicate the applicability of a single particle model considera- 
ble discrepancies may be encountered on a detailed comparison 
of the static and dynamic electromagnetic moments. Several 
such cases have come to light in recent years and phenomeno¬ 
logical models are developed to explain the level structures. 
Although several such models are developed, two of them need 
a special study. The model proposed by De Shalit* 1 ), known as 
the core excitation model may be considered for odd mass 
spherical nuclei in which the coupling between the last odd- 
nucleon and the even-even core may be considered weak. On the 
other hand the model developed by Bohr< 2 > and Chowdhury< 3 > 
-considers the coupling to be neither weak nor strong. This 
model is referred to as the intermediate coupling model of the 
unified type. In the following pages a brief outline of these 
models will be presented. 

4+2 Core Excitation Model 

A nucleus may be excited from its ground state by different 
ways of which the simplest may be described in the approxima¬ 
tion of independent particle motion by the elevation of the 
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single particle from one state to another. These single particle 
excited states show upW in reactions such as stripping, pick-up 
and possibly other reactions. An excitation which is complex 
is the one in which the ground state configuration remains un¬ 
changed. In this complex configuration the nucleons, however, 
change the relative orientation of thier orbits. Such a situation 
may be observed in a case of M V««. The neutron number of 
this isotope being 28, which is a magic number, its ground state 
has J = 7/2 belonging to the proton configuration (lf T/a ) 3 . The 
first exci ted state has 3 *= 5/2 which is believed to be of the same 
If configuration. Then consider the isotope 17 Cl 38 with neu¬ 
tron number N=21. The ground state and the three lowest 
excited states are taken to be the four states of the configura¬ 
tion (ld 3/ j; I f 7/l ) amounting to the configuration of one proton 
in ld 3 /2 and one neutron in lf 7/2 . A third class of excitations 
is that due to the collective motion of many nucleons® which 
include collective rotations, vibration etc. which may com¬ 
bine in characteristic ways. In the regions of large deforma¬ 
tions collective rotations generally represent the lowest excita¬ 
tion. In such cases it is possible to excite a single nucleon from 
one orbit in the deformed potential to another; the excited 
single particle state then forming the basis for a new rotational 
band. 

Consider the ground state configuration of an odd-even 
nucleus described by | (j p ) 2 J p =0 j n ‘> amounting to a descrip¬ 
tion by a pair of protons in j p coupled to J p =0 and a neutron 
in jp. Then the excitations described by[(j p ) 2 J p =^0 j]j may be 
expected in addition to the single particle excitation which will 
be described by the configurations | (jp) 2 Jp^Oj > In such 
a state the neutron remains in its lowest state, the proton 
pair being decoupled and excited to a state, with Jp?*0 while 
Jp and j a are then coupled to J, the total angular momentum. 

As a step towards generalization of the mentioned mode 
of excitation, consider an even-even nucleus A with its ground 
Js=0 followed by various excited states. Let a nucleon be added 
to this even-even nucleus. The ground state could be obtained 
-if the odd nucleon is inserted in the lowest orbit of the average 
• potential resulting in the core of A nucleons. Let the lowest 
single particle state in this average potential be supposed to be 
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high compared to the lowest excitation energy of the even-even* 
core. It could then reasonably be assumed that the lowest ex¬ 
citations of the nucleus A+l could be described by the odd- 
nucleon remaining in the lowest orbit and the core excited to* 
the first excited state. A further clarification may be obtained 
by considering the even-even nucleus, in the average field pro¬ 
duced by which, the lowest allowed proton orbit may be an sj 
orbit. It is actually found experimentally that 8 iT 1 203 has a 
ground state. Its level diagram (see Fig. 4.1) shows two excited- 
states 3/2 + and 5/2 + . These states are usually interpreted as 
those arising by promoting the proton (or rather a proton hole), 
from the single particle s| state to the single particle and 

and d^ states. The excitation energy of these states is com¬ 
parable to that of the first excited state in Hg 202 . If 3/2 + and' 
5/2 + in Tl 203 were actually hole excitations it could be argued 
that there should separately exist the 3/2 + and 5/2 + states result¬ 
ing from the coupling of the s£ proton to the 2 + state of Hg 202 
core. However, such states are not known around the excita¬ 
tion energy of 500 keV in Tl 203 . Hence the two observed levels 
could indeed be resulting from coupling the s| proton to the 2 + 
state of Hg 202 core. This situation leaves ground for seeking the- 
single hole excitations at higher energies. 

A study of the nature of the excited states in Tl 203 as well 
as those in other nuclei is further pursued to have a proper 
inkling of the actual situation. If these states were to be core¬ 
excitation coupled to the odd-nucleons in the lowest state the 
measured data on these levels could enable to make a deduction 
for further elucidation of the properties of the core in which 
case the picture of the spacings between single particle levels, 
in these nuclei requires a modification. The empirical study of 
this problem has been tackled by De-Shalit 1 . As a prerequisite 
for an analysis and interpretation of such data is made as indi¬ 
cative of the core excitations in odd-even nuclei. The infor¬ 
mation that can be drawn on the core-states from the 
available data on the excited states from some odd-even nuclei* 
may be called, studied and discussed in order to enrich and! 
widen the knowledge of the core-excitation in non-deformed 
odd-A nuclei. 
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An investigation on the core-excitation in odd-mass nuclei 
Tnay be. carried out by describing the zeroth order wave func-j 
tions of these nuclei by the ket vector | J c j, JM >, where Jo 
denotes the core angular momentum, j that of the odd particle 
.and J the total angular momentum with J Z =M. In the absence 
•of interaction between the core and the odd-particle, all the 
states characterized by the same pair of values J 0 and j but 
different values of J (and M) are degenerate. These levels are 
referred as a core multiplet. In the case of particle core interac¬ 
tion, the degeneracy is removed within core-multiplet leaving 
then only the M-degeneracy. 

The core state J e in an odd-mass nucleus tends to be 
identified with the corresponding core-state J c in the neighbour¬ 
ing even-even nucleus which could actually be done only with 
-some reservation. The ground state J o =0 of an even-even 
nucleus, on expanding in terms of the single particle states of 
the self-consistent average field generally includes nucleons also 
in the state j. A nucleon added to the J orbit in accordance to 
the Pauli principle is rendered less available for the particles 
-of the core. Hence the core state J o =0 in an odd-mass nucleus 
generally stands for something different from the core state 
J e =0 of the neighbouring even-even nucleus. The addition of 
a single particle to the j orbit however will not be decisive even 
if the core states represent a thorough mixture of the self-consis¬ 
tent single particle states. This situation is assumed to be the 
case and the antisymmetrization of the wave function [ J c j,JM> 
■with respect to the exchange of the odd-particle and the 
particles of the core is treated negligible. This approximation 
may be of questionable validity. 

The interaction between the odd-particle and core is a 
scalar and may be taken as the product of two tensors of degree 

k,TW(c) operating on the core degrees of freedom and T'W(p) 
operating on the degrees of freedom of the particle. The general 
interaction may be looked upon as the sum of these products 
•overall values of k being left quite general. Hence only one 
value of k at a time may obviously be taken into consideration. 

The energy shift AE k (J) of the state | JJ, J > from its 
unperturbed Zero-th order energy to first order approximation 
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is given as 


where 


AE k (J) = < J 0 jJ | T<*>(c) . TCk) (p) | j cj j > 

- ( - l) Jc + j + J < Jc II T< k >(c) II J 0 > 

JcjJ) 

j Jck| 


i 

X < j || T< k) (p) || j > 1 Jc j J 


, Ji jj jg | jjjl+jg+ll + fe ^(jl J2 h ll> jgl,) .„(4.n 
. li la lg I 


The dependence of a E (J) noted as coming through universal! 
functions so that from the orthogonality relations of Racah. 
coefficients*® any interaction follows 


S(2 J+l) a E t (J)=0 if k^O ...(4.2> 

k 

Since the relation expressed by 4.2 does not involve monopole- 
(k=0) the center of gravity of each multiplet coincides with 
its unperturbed position. In the case of monopole excitation 
(k=0), E 0 (J) is independent of J so that an interaction of this, 
type does not produce splitting in the multiplet, consequently 
only resulting in shifting the multiplet as a whole by an energy: 

< Jc II TO (c) II Jc > < j || T° (p) II j> 

A 0 (2 J 0 -f 1) ws * (2 j + l) 1 '* "* ** 

The quotient of the first term of the product in this expression 
(4.3) generally depends on the value of J c . There are, however, 
two important cases for which the first term of the product 
involving the mentioned quotient is independent of J 0 . If the 
core state consists of particles only in one orbit amounting ta 
the core states being | j c n J c >), and if T°(C) is a sum of particle 
operators, that it can be shown that < J 0 II T° (C) || J c > » 

(2 J c + 1)^. Similarly if a sequence of values of J 0 arising from 
a collective motion be considered superimposed on the same 

intrinsic structure, then also < J c || T° (C) || J c > « (2 J c + 1)^- 
In these cases, the separation between the center of mass of 
multiplets constructed on different core states J c with the sam& 
tingle particle state j, should be equal to the separation between 
the unperturbed multiplets. Moreover, if the core states in-the 
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«odd-mass nucleus are identical with those of the neighbouring 
even-even nucleus, the separation of the center of .mass of the 
multiplets ought to be identical with the separation between 
the corresponding states in the even-even nucleus. This rule is 
known as “center of gravity” theorem enunciated by Lawson 
and Uretsky(7). There is in general no rational basis to expect 
that this theorem holds precisely. In realistic cases, the value 

•of < J c || T° (C) || J c > | (2 J c + 1)^ is likely to be dependent at 
least to some extent on J 0 . Also even if the core particle interac¬ 
tion contains no monopole part, the core-excitation of the odd- 
mass nucleus generally requires an energy other than the 
•corresponding excitation in the even-even nucleus. However, 
the center of mass theorem can be expected to hold qualitatively 
as can be apparent when the empirical data is surveyed and 
discussed. 

It could especially be simple when the odd-particle is in a 
•state with j = J. J c can be assumed to be of values 0, 2, 4 etc. 
with j=Hence each value of J determines a unique value of 
J c . Moreover, for j=J, only k=0 and k=l can contribute to 
the value of AE k (J). As already mentioned, k = 0 does not 
'cause any splitting. Consequently the entire multiplet should 
be the outcome of the term with k=l in the particle core¬ 
interaction. The existence of splitting and its magnitude are 
indicative of the measure of dipole interaction between the odd- 
particle and even-even core. Also if the odd-particle be in sj 

orbit then the only operator Tq» of velocity independent 

type for which < s^ || T(k) || s, > does not vanish is f (r p ) <r p . 

Hence the multiplet splitting in this case is likely to measure 
the interaction of the spin of the odd-particle with the core. 

It may be pointed that apart from the considerations on 
energies, the proposed mode of excitations also effect very 
strongly the electromagnetic transition probabilities between 
the different states. A detailed consideration necessitates the 
introduction of the notation for convenience. The oJO 
is the component of the tensor operator of degree k. The 
expectation value of the term o W defines conveniently the 
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static multipole moment of order k 
°® <1) and n 0 (2 > are given by 


— 1» 2 for which the 


o 0) _ x „ 7? , —4 

n ° ~ ^ Sa 1» + g s j si 
l 

Oo® = (16 it / 5)^ S, e- r-2 V- fa j. \ 

\ I') Z, e i r i *20 (0i, &) ...(4.4), 

where g ; and g s are g-factors, e* is the char**. t*. * r- 

emission of radiation „*• *u cnarge. The rate of 

be written J t , ! C corres P ond ^g multipolarity can, 
Wntten ln terms of the operators qOO as 


T s 


—H 


E k 1 •£*[!//(2Jj +1)] | < f]jo<W||i > j 2 ...(4.5), 

the e tntir ndf f retheinitial and final state s respectively J-is 
of the tr^v " m0 J mentum of the initial state, E the cntigr 

const;; 1 c °™ d r tion and * a «*ss 

out to be S>ven m MeV, the numerical values ^ turn. 

== 4.2 x 10 « S ec-i MeV -3 for Ml radiation ...(4.6). 

-4,2 ~ 1.23 X 10*3 s ec -i MeV-s f or £2 radiation 

f 0 “ p0l I °P erator OW may be separated into a part due, 
to the core and a part due odd-particle as 

O W = O 0 ft) + Qp 00 

elM *“ of i " toK ‘ *» »■ »»«• 

< Je'j, Jf ||n e W + Q p (k) || JJ 5 j. > 


...(4.7> 


" (~1) J « ,+ J+ J f T(2J* + 1) (2 J, + l))i 

x[<J c /|| Oo < k > H J 0 > | Jc/ Jf i ). 

( J| J c k J 

+ (-i) Ji - Jf < j II OpW II j > i J Jf J ° l s 1 

IJiJkJ JcVi 

Some special cases of equation (4.8) may be considered in 
detail by examining the magnetic moments and Ml Transition 
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Probabilities. In the case of transitions between states belong¬ 
ing to the same multiplet the quantity 

Tj_» f (Ml), f 0 n 0 w j n g De-Shalit 1 may be written as 
E 3 

-6 (2J*+1) [<Jcil Oc C1 >ll Jc> | • 

+ (-l) Ji “ Jf <j II Op (1) H j > { j /*. * c 11 ...(4.8)' 

J i J t J 

This relation can be simplified by choosing np^ = J c aQ d 
Op (1) = j. In the case of J t ^h, the left hand side of the* 
expression 4.7 becomes zero. Setting down that <j|| j Jj > — 
[j 0 + 1 ) ( 2 j+l) ] *• gives 

[J.(J. + 1)(2J«+1)]* H° Jf j ■ 

— [j (j+1) (2 j+1)]^ ■ *. for J ( 5 ^ Jj 

( Ji J 1 

The magnetic moment /*» (j) of a system the angular momentum! 
of which is j is given by 


/Mi) 




2j 

(2 j -hi) ( 2 j+ 2 ) 


* <j|| o (1 ) II j > 


Hence equation 4.8 can be written as 

%^=^(2i f +i)ja+i) (2j+i) 

E 3 

T. T, I 2 

X . 7.V * (ge-gp) 2 ...(4.9V 

l J J Jo J 

As in the case of Ml transitions within a rotational band in 
deformed nuclei the ratio is independent of the specific values, 
of ge and g p . If g„ = gp, such transition probabilities vanishi 


inasmuch as under this stipulation n (1) becomes proportional to* 

j s= J c +"7*so that the different Eigen states of J 2 cannot be: 
connected. 



128 


Nuclear Models 


It is required to know at least one static moment in order 
to obtain separate values of g c and g p . If the ground state of 
the odd-mass nucleus be assumed to be the state with J 0 =o, 
•then its g-factor is identical with g p . Alternatively a measured 
factor of an excited state is capable of giving another combina¬ 
tion of g c and g P . 

From the relation given by 4.7 it is evident that if the 
ground state in an odd-mass nucleus has J^^O, the Ml radia¬ 
tion from the multiplet constructed on J e = 2 to the ground 
state is absolutely forbidden. However, great care and discretion 
■should be exercised in checking this prediction. It may be possi¬ 
ble that the description of nuclear state as | J 0 j, J > is not 
complete. As an instance it may be stated that the ground 
■state is expected to be | 0 j, J=j> at least with a small admix¬ 
ture of | 2 j, J = j> if j > 3/2. Also the state | 2 j, J>can 
likewise have small admixtures of the state | 0 j'. J> where 
j / =J, etc. Even a small admixture of 2-3% in some cases can 
lead to an appreciable Ml rate for a transition which should 
have been forbidden. 

Likewise it can be shown for E2 transitions from the 
multiplet | J 0 =2, j; J > to the ground state | J' o =0 j; J f =j>, 
that the following relation holds: 

(Ti ^,/E')=(-^-j | <0||o( 2 )c|| 2 \ | 8 ... (4.10) 

“This relation suggests that Ti -+f/E 5 should be the same for all 
E2 transitions proceeding from the various members of a 
multiplet to the ground state. This value, moreover, should be 
f equal to Ti-+- f /E 5 for 2 + -*0 + transitions in neighbouring 
even-even nuclei provided the core-states are identical with the 
^corresponding states in the even-even nuclei. 


*4+3 Analytical Studies of Some Experimental Observations 

t 

It is generally quite difficult to identify a group of levels in 
.an odd-mass nucleus as belonging to one multiplet. The data, 
on Excited states are Usually obtained by such methods involv¬ 
ing the observations of levels with spins which do not differ 
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considerably from that of the ground state. Hence the multi- 
plets with many components may not be realised in full thereby 
rendering the study difficult. There are, however, simple multi- 
plets, the simplest of which are those arising from j = £. From 
the preceding discussion it can be found that in nuclei the 
ground state of which has J=j = there will be excited slates 
with spins J=3/2 and J = 5/2 with the parity identical to that 
of the ground state. All these doublets should be centered 
roughly around the energy of the first excited state in a neigh¬ 
bouring even-even nucleus and the electro-magnetic radiations 
should have peculiar features already mentioned in the previous 
section. 

In the light elements the isotopic spin may bring in more 
complications. Disregarding such, in the isotopes with atomic 
number Z or neutron number N ranging from 39-49, the p I/2 
level shows up as the ground state. The isotopes, Se 77 , Rh 103 , 
Ag*° 7 , Ag 109 etc, are nuclei with large data to be analysed. There 
is yet another region with N ranging from 63-73, the odd-neu- 
tron number is in St/ 2 orbit, with Cd lu and Cd 113 being chosen 
for detailed study. Then T1 isotopes for which the proton is in 
Si /2 orbit and some odd-isotopes of Pt, Hg and also Pb for 
which the neutron is in p 1/2 orbit may be taken up for study. 

To begin with let all the odd-A isotopes from Tl 1 ** 5 to T1 20S 
be taken into consideration. They show the same characteris¬ 
tic spectrum: £ + as the ground state with 3/2 + and 5/2 + , the 
lowest excited states. The center of gravity of 3/2 + —5/2 + 
doublets of these odd-A T1 isotopes as a function of neutron 
number is plotted and the plot is shown in Fig. 4.2. Therein 
the energies of the 2 + states in Hg and Pb isotopes with equal 
number of neutrons are also shown. The trend of the T1 plot 
closely follows that of Hg suggesting thereby that the 3/2 + and 
5/2 + excited states could be interpreted as a doublet constructed 
from the coupling of the S 1/2 proton to the 2 + excited state of 
the core. The available measured data of the half lives 
and branching ratios of the TP 08 and Tl 20fi are indicated 
in Fig* 4.3. From these experimental data, the reduced E2 
matrix elements T.^j. (E2) jlH* are deduced and tabulated as 

given in Table 4.1. The reduced matrix elements for the two 
Nuclear Models (9) 
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E2 transitions in each of these T1 isotopes are equal to each 
other as predicted by the expression 4.10. The accuracy of the 
experimental data is only~15%. 

The 3/2 -+ 1/2 Ml transition probability is very small, the 
reduced matrix elements being 

T. f (Ml)/ E *= 3 X 10io sec-i MeV'3 in TP03 

and 

1.2X 10 10 sec" 1 MeV"3 in Tl** 

In the case of single particle transition the expected corres¬ 
ponding value**) is 

2.8X10 13 sec” 1 MeV" 3 

The highly reduced Ml rate is often associated with the possible 
l forbiddenness of the transition. If the 3/2 + state is inter¬ 
preted as a d 3/2 state and the magnetic moment operator is 

taken as the conventional expression 2 (gu /i + g S i si) then the, 

i 

d 3 / 2 ~*Si /2 transition probability vanishes. However, there 
might be corrections to the magnetic moment operator arising 
from exchange currents and the spin orbit interactions which 
could account for finite transition probabilities* 9 ). On the single 
particle picture, the large reduction of the 3/2 —1/2M1 matrix 
element in T1 isotopes is somewhat unexpected. The situa¬ 
tion, however, is different with the identification of the 3/2 + 
state as I 2 1/2 3/2>. Now the Ml radiation is forbidden not 
on account of the special structure of the Ml radiation 
operator but on account of the operator being a vector 
(i.e. an irreducible tensor of degree 1) so that the states 
with J c ass 0 and J c =*=• 2 cannot be connected. Thus the 
Ml radiation operator has a tensorial character and is 
independent of the corrections to it. The existence of a slow 
Ml on the scene is indicative of the “impurity” of the state. 

The | 3/2> = A | 2 1/2 3/2 > + (1—A% | 0 3/2 3/2> and, 
the small component | 0 3/2 3/2> could then lend to an Ml 
transition to ground state via the corrections to the magnetic 

operator. 
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In the case of 5/2-+ 3/2 Ml transition, the reduced matrix 
elements are T. f (Ml) / E 3 = 1.2x 10>» sec“» MeV“3 for Tl 2 ° 3 

and 5.5X10 12 sec -1 MeV“ 3 for Tl 206 . The errors in these 
especially for Tl 205 are rather large inasmuch as they are 
derived in an indirect way by measuring the Coulomb excita- 
tion cross-section for the 5/2 state and deducing the partial 
lifetime for the 5/2 -+ 1 /2 and 5/2 -*■ 3/2. The ratio being quite 
small for T1 20S leads to uncertainties in the interpretation of 
the numbers derived from it. A consideration of only Tl 203 
with the employment of the numerical values of ^ for Ml 
radiation and Jji for E 2 radiation given by 4.6 yields (g c —gp) = 
± 2.6. The g p values derived from observed ground state 
magnetic moment give the value of g c as 

g 0 = 0.6 nm 

The estimation of the limits of error on this small number is 
rather difficult. However, a value of g 0 = Z/A = 0.4 is in fact 
cannot be excluded by the experimental results on Tl 203 . The 
analysis of Tl 205 on similar lines yields 1.6. As already pointed 
out the uncertainties in this case are too large to allow any 
conclusion. 

The single particle assignments for the levels l/2 + , 3/2 + , 
5/2 + in the case of Tl isotopes would also make the 3/2 + -i-l/2 + 
Ml transition a slow one (/-forbidden) whereas the 5/2 + -+ 3/2 + 
a “normal” Ml transition d s/2 -+d 8/2 . Hence some of the 
special features of the coupling in this case are observed. If 
the nuclei the ground state of which is are considered the 

situation is different. They are, as explained before, expected 
to have an excited “doublet” 3/2“ and 5/2“ so that the single 

particle interpretation now is pi for the ground state and p 8) 2 

and f 5 / 2 for excited states. On the basis of this interpretation, 
the 3/2~—1-1/2“ is normal Ml transition whereas the 5/2~*-»*3/2“ 
should be the / — forbidden transition. If the assumption of 
a “core doublet” is adopted, the situation, however, is reversed 
so that the 3/2" —► 1/2“ is core forbidden whereas the 
5/2" 3/2" Ml should proceed with a rate proportional to 

Such a case is likely to be found in the Ag isotopes, the 
concerned levels of which are illustrated in Fig. 4.4. The 
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Figure 4.4 
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doublet center of mass in Ag 107 for the energies Ei = 324 keV 
with spin Ji = 3/2 and E 2 = 423 keV with spin J 2 = 5/2 is 
obtained from the weighted average of the two levels as 383 
keV and likewise in Ag l ° 9 for the energies E,=309 keV with spin 
J 1= 3/2andE 2 =416 keV with spin J 2 =5/2 is obtained from 
weighted average of the other two levels as 373 keV. The 
mentioned energies may be compared with 2* excitation of 513 
keV in 4 ,Pd M i°\ 630 keV in , 8 Cd 60 l ", 453 keV in „Pd, ”* and 
■656 keV in l8 Cd 6J U0 . The reduced E2 transition probabilities 
are given in Table 4.2. These values lie within the range of 
values obtained for the neighbouring even-even nuclei thereby 
confirming the relation given by equation 4.10. 

The 3/2" -+ 1/2" transition should be forbidden and as a 
matter of fact the states are not expected to be pure and a 
slight admixture of the type | Opj ^ f > in I 2 Pjy2 £ > 

cause an Ml radiation differing from the case of T1 the ground 
state of which is | + where the admixture could only contribute 
via the main part of the exchange current correction to the Ml 
radiation operator. Hence this effect could be expected to be 
considerably large. The observed matrix elements for 3/2"-+1/2“ 
transition areT. ^.(Ml)/E 3 =3.3 X10 12 sec -1 MeV" 3 in Ag 107 and 

4.3X10 12 sec -1 MeV"* in Ag 109 . The single particle estimates* 10 * 
in these two cases are 2.8x10 IS sec" 1 MeV" 3 . The transitions 
are in this way slowed down considerably by an order of 
magnitude. 

The 5/2“ -+ 3/2" Ml transition is / forbidden on the single 
particle assignment for these levels. They are, however, allowed 
if the two states are the components of a “core doublet”. Then 
the reduced matrix elements could be obtained as T. ,(M 1)/E 3 = 

1.4xl0 12 sec " 1 MeV" 3 for Ag 107 and 0.9xl0 12 sec " 1 MeV” 3 for 
Ag 108 . If these are compared with the expected single particle 
Tates for a 5/2 -*• 3/2 transition, T. f (Ml) / E 8 =3.4x 10 l * sec ” 1 

MeV - *, they appear even more hindered than the 3/2" -+ 1/2“ 
transition previously discussed. In the case of Ag isotopes 
is c-gp) 2 turns out to be very small. Consequently the 
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5/2“ -+ 3/2" Ml transition is likely to reflect more the small¬ 
ness of ( g c - g p ) 2 rather than the forbiddenness of a f^ -*■ 

transition. The employment of equation (4.9) gives ± 0.91 
=fc 0.73 for the values of (g 0 - g p ) for Ag 107 and Ag 199 respec¬ 
tively leading thereby to g o =0.7 nm and 0.5 nm for Ag 10 ’ and 
Ag 108 respectively. From the similarity between these values 
for g 0 and that obtained for Tl 90 * given by 0.6 nm, core-doublet 
interpretation is taken to have been further supported 1 . Also 
the reduced matrix elements of 3/2” 1/2" and the 5/2" -» 3/2" 

radiations are seen as of the same order of magnitude. There¬ 
fore, the interpretation of the one as a normal Ml and the 
other as a / forbidden Ml is rather difficult. On the basis of 
the “core doublet” interpretation the smallness of the rate of 
the normal transition is attributed to the static moment of a 
P^ proton whereas the latter to a near cancellation by the 

orbital moment. 


The energy levels of Hg 199 represented in Fig. 4.5 give 
the relevant data. It may be observed that the E2 reduced matrix 
elements for the 5/2“ 1/2" and the 3/2“ -h 1/2“ are practi¬ 

cally identical with each other and equal to those of Hg 909 and 
Hg 909 . It is interesting to note that the 3/2“-+l/2“ Ml radiation 
in Hg 199 gives T. _(M1)/E 3 =4xl0 +U sec -1 MeV“* compared 

with an expected single particle value of 2.0X10 19 sec" 1 MeV“* 
amounting to a hindrance by a factor 50. The 3/2“ -+ 5/2“ Ml 
radiation, on the other hand gives T. f (Ml)/E 3 =1.0xl0 19 sec -1 

MeV -3 . This result with the observed magnetic moment of the 
ground state of Hg 199 leads to a value of g c =0.4 nm which is in 
close agreement with other values obtained for g 0 . These facts 
indicate the superiority of the “core doublet’" interpretation 
over that of single particle excitation in odd-even nuclei. 


It was suggested^ 1 ) that the first few excited states in Au 1ST 
would be described quite well by coupling the odd dg proton 

(bole) to an excited 2* core. The lowest available state for the 
79th proton is probably a dg which may mean that the lowest 


excitation in Au 197 involves the excitation of the core rather 
than the excitation of the single particle. The importance of 
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ascertaining core excitation has been already describedoi). With 
the recent available data a reevaluation of the applicability of 
the core excitation model to Au ,M has been made in order to 
ascertain the scope of its validity. 

The figure 4.6 gives the levels together with the relevant 
^experimental data. The core excitation attributes the follow¬ 
ing wave functions for the states under consideration 

■1 g.s = | 3/2>!=.' A | 0 3/2; 3/2> + Vl - A 2 | 2 3/2; 3/2> 
2: 77 keV [ l/2> « | 2 3/2; l/2> 

.3: 269keV | 3/2>,=A | 2 3/2; 3/2> - | 0 3/2; 3/2> 

4: 278 keV | 5/2> - | 2 3/2; 5/2> ...(4.11) 

5: 549 keV ] 7/2> * | 2 3/2; 7/2> 

Here, | J 0 , j, J> stands for a state in which a core in the state J, 
is coupled to the odd-particle in the state j to produce a total 
‘ angular momentum J. In the extreme case A=l, however, a 
small deviation of A from unity as pointed^ 1 ) which indicates a 
coupling of the core states via their interaction with the odd- 
nucleon may be expected to exist. This picture will retain its 
intuitive meaning if 1 - A 2 < < 1. 

All the electro-magnetic properties involving the five states 
in (4.11) in terras of a few parameters can be calculated by 
•employing the notations in references land 11. Confining to 
magnetic dipole and electric quadrupoles and considering both 
static moments and transitions, these properties can be described 
in terms of the parameters: 

•g„=0.083 the Shimidt g factor of the odd 

d3/2 protons ...(4.12) 

g 0 = the g factor of the 2* state of the even-even core ...(4.13) 

o p = <3/2||n p (2) ||3j 2> the reduced quadrupole matrix ele¬ 
ment for 4 odd-proton ...(4.14) 

022 =< 2 ||Oo (2 >I| 2 > the same for the 2* state of the core 

...(4.15) 

020 = <0||o 0 (2) l|2> the reduced quadrupole transition mat¬ 
rix element for the core ...(4.16) 
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The four parameters, (4.13), (4.14), (4.15) and (4.16) 
together with A in (4.11) are expected to account the 5 static 
magnetic moments, 4 static quadrupole moments 6 Ml transi¬ 
tions and 8 E2 transitions experimentally derived. Since not 
all the data mentioned are available, the model can be put to 
partial test. Moreover, the assumption that the wave functions 
4.11 describe the states considered with absolute precision is 
very naive. Hence an allowance is to be made for the presence 
of other reasonable admixtures with small amplitudes which in 
turn limits in the choice of the data on which the model can be 
tested (n >. 


Therefore, a procedure was adopted to determine o p , 
and 02 . using the 548 keV E2 transition from 7/2+ state to the 
ground state, the 279 keV E2 transition from 5/2 + state to the 
ground state and the 202 keV E2 transition from 5/2+ state to> 
the 1/2+ state. It may be mentioned that the 548 keV transi¬ 
tion has no Ml admixture inasmuch as A J = 2 and it decays 
predominantly through this channel so that no uncertainties of 
branching ratios come in. The 202 keV transition has been 
rather well-known as a pure E2. 

The unique values o p , o 2 2 and O 20 for any given value of 
A can be used to determine the partial E2 life for the 77 keV 
from the l/2 + state to the ground state. With total lifetime 
of this state, the Ml partial lifetime and consequently 8 2 and 
g 0 -g p may be computed from the relation given by 

T. f (Ml, 1/2-+ 3/2) 

^*10 -3(l-A)*(gc-gp) 2 

This value is consistent with this model to take for g p its un¬ 
perturbed Schmidt value so that all the parameters are now 
fixed. Then the other quantities may be calculated and com¬ 
pared with the experimental data. The results obtained for 
three different values of A are given in Table 4.3. The 
errors quoted are those due to experiment on the lifetimes used 
as a starting point. The last column gives the experimental 
values of the calculated quantities. The quantity 
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B (E2, (3/2), - (3/2)i given by 
T * (E2) Sec- 1 

®( E2 > = [E* (MeV)]®x 1.23x 10 13 ...(4.17) 

-was calculated because of the quenching of the E2 in the 
( 3 / 2 ) 2 -t-(3/2)i transition. In the case of A = 1 

B(E2, (3/2) 2 -*■ (3/2)i — 0.22 is obtained in the same units. 

From table 4.1, it can be seen that A 2 =0.93 gives a 
good fit between the calculated quantities and their experi¬ 
mental values with the possible exception of 8 2 (191). More¬ 
over, it is possible to deduce the quadrupole moment from the 
value of Op as 

Q( a */a) = (0.21 ± 0.20) barns 
-which should be compared with the single particle formula for 
(d 3 , 2 ) 3 Q = < r > 2 (2j - 1) / (2j + 2) 

= 0.21 x 10-*« Cm* if r = 1.25 A»/3 fm 

The quadrupole moment for the 2* state of the core turns 
out to be about (1.2 ± 0.2) barns which could be compared 
with the quadrupole moments of 2 + states in the neighbour¬ 
ing even nuclei when they become available. 

The nearness of A to unity justifies a comment judging 
from the width of the core multiple t which is of the order 
500 keV and noting that it is comparable to the excitation 
energy of the 2 + state, A 2 might be expected to be around 0.5. 
It was, however, notedthat the particle core interaction in 
this region of Au and T1 appears to be dominated by a dipole- 
<dipole interaction. If it were so the smallness of (1—A*) would 
be expected to follow. In the case of dipole-dipole force 
1—A*=0 to a first order in perturbation theory. 

The excited states of Au 1 * 7 as well as others were studied* 121 
and the result led to a structure completely different from the 
one given by De-Shalit for some of the states considered. In 
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the former the jj + state at 77 keV interpreted as single particle 
s, state has an exceptionally small value for /t- (| + ) of 0.25— 

0.26 nm as compared with a Schmidt value of 2.79 nm for the 
pure s, single particle state. However, in the former, the 

ground state has been found to yield p* (3/2)=0.84—0.92 nm as 
against p > expiw i (3/2)=0.144. Further the calculated ground 
state quadrupole moment comes to 1.07 barns compared with 
the measured value 0.56 barn. On this basis it will be hard to 
explain the equality of the experimental reduced matrix elements 
for the E2 transitions from the 7/2 + , 5/2 + and $ + states to the 
ground state. The equality of these three reduced rates is an 
essential feature of the core excitation model. Consequently 
the core excitation model at least in the case of Au 1 ’ 7 is said to 
offer a more consistent description of the electromagnetic pro¬ 
perties of the nucleus. It has also enabled to successfully 
explaining the static moments in terms of transition probabili¬ 
ties. The values derived thereby for the bare single particle 
moments are in good agreement with the Schmidt value for the 
magnetic moment and with the unrenormalized quadrupole 
moment. The experimental error on the various quantities 
given in Table 4.3 are too large even in well-studied nucleus 
like Au w . If lifetimes, conversion coefficient branching ratios 
and multipole mixing ratios be determined with improved 
accuracy by a factor 3-5, improved information may be obtained. 
The elucidation of the excited states is likely to contribute an 
improved determination of the actual position of the single 
particle states and to a deeper understanding of the nature of 
the collective 2* states in symmetrical even-even nucleus. 

The proposal for a simple model for odd-A nuclei of the 
spherical type in which the particle is assumed to remain in its 
orbit, the core being excited has already been dealt with* 1 ) in 
some detail by explaining the resulting characteristics and those 
of the transition probabilities. In the case of Au 1 ” a finite 
amount of mixing in like-spin states has to be taken into consi- 
deration* 11 *. 

The intensities of the 269 keV and 202 keV transitions be¬ 
sides those of 77 keV and 191 keV transitions of Au" 7 have been 
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determined accurately employing improved techniques < 13 - 14 >. 
Th. excited elate (j*)« 77keV cooeists of 92% Sj while tie- 

De-Shalit’s theory does not allow the existence of any particle 
excitation in the | + state. A compromise between these two 
extreme points of view has been attempted by considering the. 
wave functions of the low energy states as particle and particle 
| + plus phonon functions. The large B(E2) value for the 202' 
keV transition can be accounted by assuming an admixture of' 
the particle plus phonon in the f + state. The wave functions, 
then are expressed as 

| |>! = A | 0 ||> + (1-A 2 )* I 2 | | > 

| i> = B | 0 \ + (l-B*)* | 2 | * > 

11> 2 = A | 2 | f> - (1 — A 2 )^ | 0 | | > 

|f> = C | 2 | f> + D | 0 H>+(1-C2-D*)*|2H> 

| i> = E | 2 | l> + (1-E*)* | 0 l \ > 

From the values of B(M1) and B(E2) for the different transi¬ 
tions connecting the states and the magnetic moment of the 
ground state and solving the equations. Raju and Lakshmi- 
narayana< 15 > derived the values for the constants as 

A 2 =0.97 B 2 =0.38 

C 2 =0.972 D 2 =0.015 

E 2 =0.76 

1-A 2 =0.03 1-B 2 =0.62 

1-E a =0.24 1 -C a -D 2 =0.193 

It thus appears that pure core excitation approach may not be 
adequate and some mixing of particle excitations has to be: 
considered. 

4*4 Unified model in intermediate coupling 

The core excitation model considers an odd-mass nucleus 
as being made up of an even-even core and one extra particle.. 
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The particle is assigned to an angular momentum state based 
on shell model consideration and the core is assumed to be 
■excited to produce low energy excited states of the nucleus. 
Since the low energy excitation of an even-even nucleus of the 
.spherical type consist of surface oscillations, the resultant 
■angular momentm are coupled to the particle angular momen¬ 
tum to yield the core excitation multiplet. The degeneracy of 
the core excitation multiplet is removed by considering a core 
particle interaction as outlined in the previous section. In 
formulating the core excitation model the unpaired odd- 
particle is assigned a definite angular momentum state. It is, 
however, established in direct reaction studies that although 
■orbital assignment on the basis of shell model is possible as a 
general rule there exists a finite probability of any state being 
occupied or unoccupied. As such it is probably more meaning¬ 
ful to consider the possibility of assignment to the last odd-, 
particle any angular momentum belonging to the major shell. 
In the core excitation model the coupling strength of the core 
and the particle was assumed to be small. However, the 
interaction strength particularly when a large number of angular 
momentum states are involved may not be weak. In nuclei 
away from the deformed regions it is also not logical to consi¬ 
der strong coupling. An intermediate coupling strength may 
therefore be more reasonable. Such unified model calculations 
in intermediate coupling were originally suggested by Bohr (2) 
■and the details were worked out by Chowdhury®. A number 
of papers were subsequently published* 16 - 25 ) on the applica¬ 
tion of this model for various nuclei. A detailed description 
■ of the formalism was furnished by Heyde and Brussaard* 17 * and 
is outlined briefly here. 

The Hamiltonian of the system is assumed to be separable 
.and is given by 


H = H e + H p + Hint 

where H 0 and H„ denote the collective and the single particle 
parts which Hint represent the contribution resulting from the 
•coupling of the core and the particle. The usual form of H c 
.generates, phonon vibrations associated with the energy h.w» w 2 
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being the ratio of the surface stiffness and the initial parameters 
C and B. The collective part produces equally spaced phonon 
states En given by 


E n - (N + «) h u 


The single particle Hamiltonian describes the motion of the 
extra core nucleon in an effective spherical potential and 
generates the usual single particle states in shell model descrip¬ 
tion. In view of the uncertainty of the potential in size as 
•well as the radial form factor of the effective potential, it is 
usual to treat the single particle energies as parameters in the 
calculation. Alternatively the single particle spacings can also 
be inferred from the experimental energy spectra in the region 
of interest. The interaction Hamiltonian is assumed to be 
.given by 


Him = -k(r)S^ Y/ 


The first factor k(r) is related to the radial dependence of the 
potential and the radial matrix element is usually assumed to 
be in the range 20 to 40 MeV. In terms of the phonon creation 
and annihilation operators b and b + the interaction Hamilto¬ 
nian may be written as 

h— V f«J (V + <- y £ 


i 

where £ is a dimensionless parameter given by 


£=k 


_5_ 

2 7r h (0 C 


* 


• t 


representing the interaction strength. A value in the region 
1 td 4 is usually employed in the intermediate coupling 
calculations; 


‘ ' The coupling of the ddd-particle represented by a wave 
function | jm > with : the phonon vibration represented 


Nuclear Models (10) 
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b , y . ^ D RA f R > is considered in a set of i, ■ 

I J> NR, JM > given by asis Unctions 

,JM> mM R < jmRMR I JM > |jm>|NRM R > 

off m ° mentuin a °d 

of the total Hamiltonian £ thl bal “T* eIe "*nts 

only due to the iuteTcta gfven by' 0 " 

< >>, N'R', JM | H,., | j, NR, J M > 

= — i £ ft <o ( ~ j)J+j+j ; - 1/2 
x{(2j+!)(2jV +1) Jl/2M R J,x j j . 

X((-1) R ' < N'R' J| b j| NR > 

+ (~I) R < NR |J b || N'R' > 1 8 /+/' 

•—« Z 

•hose used by ChoudCt. r Md are "»S« «hau 

mabix eiem'ut, ^5^ *«« '**'+1. The iatemotio. 
gonal matrix elements are gi^n by A R > 1 The ^ia- 

< J. N'R', JM I H e + H p | j, nr, jm > 

= h u> { N + 5/2 + *L J ,,,, lfi 

up and d'ago^hS ?o “eM g 2iL m °T”'" m S|>, “ « 

momentum states car be forked out LsumLll, T 
Of one of angular momentum states to “ * the lowest energy 

•his matrix diagonals,’??*”*,«’ »»• 
treated as parameters Several * ? ^ w an< * ma y be 

to represent the one phonon energ^of “STe ‘ * 

nucleus, while in some studies an averLe If * T" C ° rC 

was employed. The justification for th! latter nioc^f ^ 
based on the assumDtion that *»,. - • Procedure was 

sumption that the properties of the preceding 

* \ •’» , 



Phonon Coupling Models 


147 


even-even nucleus may not fully represent the core properties. 
The single particle energies were likewise selected in some 
studies from the experimental spectra in the neighbouring 
region. The usual range of £ in several cases was from 1 to 4. 
For each value of £ in this region and for each of the other 
parameters as outlined above matrix diagonalisation is carried 
out and the resultant eigen values are compared with the 
experimental spectra. From the many sets of the parameters 
over which the procedure is repeated the best set is selected by 
a X 2 minimisation requirement. The eigen vectors correspond¬ 
ing to the best set of parameters can be employed to estimate 
the static and dynamic electromagnetic moments, most useful 
among them being B(E2), B(M1) values and the magnetic dipole 
moment and the electric quadrupole moment. The relevant 
operators for the estimation of these quantities using the eigen 
vectors and the explicit expressions for the estimation of these 
quantities are detailed in the paper of Hyde and Brussardt 1 ®). 

The regions extensively studied in this model are those in 
the beginning of the Sth major shell of protons and the end of 
the shell for the neutrons. The nuclei of this description are 
in the mass region 100 to ISO and are typical spherical nuclei. 
One of the essential prerequisites for the application of this 
model is that the neighbouring even-even nuclei should exhibit 
typical vibrational spectra and for nuclei cited above this 
criterion is very well fulfilled. There are also other regions 
in which attempts were made to apply this model, nuclei with 
mass number greater than 190 being typical example. In some 
of the investigations it was noticed that a better fit with the 
experimental results could be obtained by considering the 
anharminicities in the phonon spectra of the core nucleus. 
Instead of evaluating the diagonal elements for different phonon 
numbers based on the same value of h co, the actual values of 
the energies of the phonon levels could be employed. This 
procedure, however, is restricted to phonon number less than 2 
inasmuch as extensive studies were carried out to locate the 
vibrational levels upto two phonons only. The angular 
momentum states representing higher number of phonons are 
less well-established. In addition considerable admixtures of 
.other.types- of excitation are • expected in these cases, so that 
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interpretation by invoking pure vibrational excitation may nof 
be meaningful. 

In a recent work< 25 ) the scope of the intermediate coupling; 
model calculations is extended by including multiple particle 
configuration. Thus the energy levels of odd-mass cesium, 
nuclei were interpreted based on three hole configurations in 
gj 12 orbit coupled to phonon excitations. Out of the many 

possible angular momentum states of such a configuration 
only a few angular momentum states are considered to limit the 
size of the matrix. In some of the calculations for similar 
reasons phonon number upto 2 alone were considered. Such 
a procedure may be justified if only low energy excited states, 
are considered and the coupling strength is small enough to 
justify the neglecting of a thorough mixing of phonons. Al¬ 
though a considerable measure of success was achieved in the 
work of several investigators, it should be remembered that the 
approach is phenomenological and is not expected to yield) 
exact solutions. Nevertheless a systematic study of nuclei in 
different regions to determine the dependence of the coupling 
strength on nucleon numbers is expected to yield useful informa¬ 
tion. 


Table (4.1) 


Reduced E2 Matrix Elements for Tl 203 and 
neighbouring even-even Nuclei 


Nucleus 

E2 Transitions 

T s —f,/E s 
in sec" 1 MeV"* 

8I T1 2 <>3 

122 

3/2—j-1/2 
5/2—*-1/2 

278 keV 
680 keV 

0.8 x lOi 2 

0.8 x 10i 2 

8i ti»°» 

134 

3/2-t-l/2 
5/2—1/2 

205 keV 
615 keV 

0.6 x lOi 2 

0.5 x 10 12 ' 

82Pb‘ M 

124 

2—>-0 

803 keV 

0.3 x lOi 2 

eoHg ,M 

124 

2—»-0 

430 keV 

0.6 x 10” 

80 Hg* M 

122 

2—> 0 

440 keV 

1.3 x 10” 
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Reduced E2 Matrix Elements for Ag 107 , Ag 109 
and neighbouring even-even Nuclei 


Nucleus 


E2 Transitions 


Ti -+{/E' 
in sec -1 MeV~® 


3/2"—>-1 /2" 324 keV 1.4 x 10* 2 

5/2“—>-1/2" 423 keV 1.4 x 10* 2 

3/2“—s-1/2- 309 keV 1.8 x lO* 2 ' 

5/2"—9-1/2-416 1.6 x 10 12 


2 + —»-0 + 513 keV 1.3 x 10» 2> 


48Cdl<>8 

60 

2 + — 

-»-0 + 

630 keV 

1.6 x 10» 2 

46 Pd 108 

62 

2 + — 

-»-0 + 

433 keV 

1.0 X 1012 

«Cd”« 

62 

2 + — 

->0 + 

656 keV 

12 x 1012 



Table (4.3) 

A* 0.96 0.933 0.91 Exp. 

Q[g.s]barn+0.47±0.18 +0.59±0.18 +0.67±0.18 ±0.56 
8* (77 keV) 0.18±0.06 0.24 ±0.06 0.03 ±0.06 0.11 

-/i[g.s](nm)0.139±0.002 0.138±0.002 0.137± 0.002 0.144 
Mi*) (nm)0. 59±0.02 0. 45± 0.04 0. 40±0. 04 0.37±0.05' 
S*(191 keV) 0. 04±0.02 0. 05±0.03 0. 06± 0. 03 0.33 ±0.26> 
E2(3/2)g— h(3/2> x 0.006±0.04 0.025±0.04 0.10±0.04 0.08±0.01 
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